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INTRODUCTION* 

CONTAINING 

Obfervations addreffed to t!ie Society 
for Equitable Affurances on Lives 
and Survivorfliips. 

HAVING encouraged Mr. Morgan to 
undertake this work, and having alfo, 
by his defire, revifed it with fome care, I 
think myfelf obliged to introduce it to thd 
notice of the public, by giving the follow- 
ing account of its contents, and of the 
views with which it has been compofed. 

The ^rji chapter contains an explanation 
of the nature of Affurances on Lives and 
Survivorfliips ; together with a particular 
account of the Society for making fuch 
Affurances, and of the methods which have 
been taken to determine how far it has been 
hitherto a gainer by the bufincfs it has 
tranfad:ed4 
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vi- INTRODUCTION. 

TYitfecond chapter contains an explana- 
tion of the Doftrine of Life-Annuiiies in 
general, and of the principles on which 
their values arc calculated. At the end of 
this chapter, an account is given of a me- 
thod of expediting all calculations of the 
values of Life-Annuities, which muft, I 
think, be very acceptable to all who have 
ever employed themfelves in making fuch 
calculations. 

In thefe two chapters Mr. Morgan has 
ftudied to render the fubjefts of which he 
treats as intelligible as poffible to perfons 
who may be unacquainted with mathe- 
matics. 

The third chapter contains a complete 
account of the Rules for folving all quef- 
tions concerning the values (in fingle and 
annual payments) of all Annuities, whether 
in poffeffion or expcAation ; and of all Re- 
verfionary Interefts depending oil any one, 
two, or three lives, or on ahy Survivorfhips 
among them, either for Terms or for Perpe^ 
iuity. Several of thefe queftions are inca- 
pable of being anfwered without entering 
into the abftrufeft parts of mathematics. 
Moft of them have never been before an- 
fwered ; and yet there arifes in many cafes 
a ncccflity of anfwering them, in order ta 
3 dete5- 



INTRODUCTION vii 

determine corredlly the Valuer of Reveriio* 
nary Interefts depending on Survivorfhips i 
and fdme of them are often occurring iti 
praftice at the office whofc bufinefs Mr. 
Morgan tranfadls;— — All the Solutions artf 
given in words at length, with fuitable ex- 
amplesi but the mathematical invefligations 
have been thrown together into the Appen- 
dix 5 where every rule or difeftiott^ about 
which any doubt can be entertained, is 
particularly demonftrateci.-a=^Every compe- 
tent judge who will examine this chapter^ 
and compare it with the demonilrations in 
the Appendix, mtift admire Mr; Morgans 
attention and fkill ; and fee that it contains 
a valuable addition to this part of fcience. 

At the clofe of the whole, I have^ with 
Mr^ Mof'gdn^ leave, inferted an cflay^ con- 
taining an account of the prefent State o^ 
Population in this kingdom i and the in-^ 
tention df which is, to ftate/a great variety 
of fa£ts which feem to prove, that whilei 
neighbouring kingdoms are increafing^ thisi 
kingdom has fof many years been decreaf- 
ing faft^ in confequcnce of the operation of 
feme of the worft eaufes of depopulation; 
and, particularly^ our ificreafed debts and 
luxury.- 

A^4 Such 



Viii INTRODUCTION. 

Such are the contents of this work ; and 
it is now offered to the public chiefly for the 
fallowing reafons. 

Firft, In the courfe of the traffic of this 
kingdom, and particularly the law tranfac^ 
tions of it, fuch queftions as thofe contained 
in this work are continually occurring; and, 
in numberlefs cafes, it is impoffible to give 
fight decifions, or to make an equitable dif- 
tribution of property, according to the real 
value of different claims and interefts, with- 
'OUt obtaining accurate anfvt^ers to them* 
The experience of many years has taught 
me that there are great miflakes committed 
in anfwering thcfe queftions, by which 
many perfons are injured in their property. 
It feems, therefore, that it may be of par- 
ticular ufe to the public to be informed 
where to apply for folutions that may be de- 
pended upon ; and, at the fame time, to be 
furnifhed with fuch an account of the rules 
and principles of calculation, mathemati- 
cally demonftrated, as may reihove every 
doubt, and be a fufficient direction to all 
who may chufe to employ themfelves in 
bufinefs of this kind. 

But perhaps this reafon alone might not 
have led Mr. Morgan to undertake the la- 
bour of this work. There is another rea- 
fon 
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fon by which he has been more immediately 
and ftrongly influenced. — He is employed in 
tranfadling the bufinefs of a Society which 
ajfures all kinds of Reverfionary Annuities, 
and contingent interefts, dependent on the 
continuance of any Lives or any Survivor- 
fhips of any Lives beyond other Lives. In 
carrying on this bufinefs the Society pro- 
feffes to regulate its demands by calculations 
founded on ftrid: mathematical principles. 
There is not any other fociety now exifting of 
the fame kind; and its bufinefs has been, for 
fome years, increafing fo fafl:, that it is al- 
ready become an objeft of vafi: importance 
to the public, and is likely foon to become 
of much more importance. It feems, there- 
fore, neceflary that the public iTiould be fully 
informed of its ftate, the fecurity it offers, 
the principles on which it proceeds, and the 
method in which it makes its calculations : 
And the great defign of this publication is 
to give this information — an information 
which is rendered the more neceflfary by 
the multitude of ^^^^/?-focieties which were 
fome time ago efiiabliflied, and fome of which 
are ftill exifl:ing in this kingdom. 

My acquaintance with this Society wasf 

occafioned by the publication (in 1 770) of 

3 the 
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the firft edition of my Treatife on Revcr-* 
iionary Payments. In that Treatife I ftated 
particularly the plan of the Society i and at 
the fame time offered fomeobfervatLons upon 
it. The Dirc(3:ors were plcafed to attend to 
thefe obfervations; and they have ever fince 
defired my affiftancc, whenever they have 
thought I could be of ufe to them. In 
return for their regard and attention, as well 
as from a delire to promote the public inte^ 
reft, I have been anxious about doing them 
all the fervice, and giving them all the in- 
formation, in my power. This led me four* 
years ago to take into confideration the me- 
thod in which they kept their accounts, and 
determined annually their profits. Think-* 
ing this method too loofe, I took the li-» 
berty to propofc another which I thought 
more ftridt and decifive. This method was 
approved and adopted ; and by means of it 
the Society has been enabled to keep con- 
ilantly under its eye the true ftate of its af-» 
fairs, the expences of management which if 
can afford, the progrefs of the balance in its 
favour from year to year> and the clear 
amount remaining in hand of all the profits 
it has made from the time of its firft efta- 

kli(hment.'< =-In this method a particular 

fnquiry was (in 1776) made into the ftate 

of 
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of the Society ; and the refult wa^, as ex- 
plained by Mr. Morgan in the fecond chap- 
ter, that it appeared, that a much fmaller 
proportion of the pcrfons aflured had died 
than the calculations fuppofecl; and that the 
Society poffeflcd then a furplus of income (or 
an income more than was neceflary to enable 
it to make good its engagements and to bear 
the expences of management) equal to 
2,400 /. per annunty nearly, and a furplus of 
jlock equal to 30,000/. * In thefe circum- 
ftanccs, the Society, not willing to continue 
any exorbitant profits, determined to reduce 
all the payments for Aflurances on Single 
Lives One Tenth. They might have 
reduced them much more, but there were 
feveral reafons which deterred the Diredor^ 
from propofing any greater redudlion. 

Firft. It was proper to give the plait of 
the Society a longer trial before any great 
redudions were made in its income. It 
could not be depended on that the proba- 
bilities of living in the fociety would con-» 

♦ The Society, has imtinusd to mcreafe fo faft, tfaa^ 
both its income and ftock have been i/i the laft tbreef 
years (or from 1776 to 1779) nearly doubled. Its 
profits alfo have in the fame time increafed coilfiderably^ 
but i^ot in the fame proportion, on account of the re-« 
diidiiofis mentloAcd in this and the next pages. 

tinue 
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tihue fo high as they had hitherto been i 
and it was to be expedted, that feafons of 
extraordinary mortality would come which 
would bring on the Society extraordinary 
cxpences. Its fecurity againft this danger 
lies entirely in its furplus Jiock ; and it was^ 
therefore, neceflary, in order to give it full 
fecurity, and to render it as much as pof- 
liblc a permanent benefit to the public, that 
xKis furplus Jiock ihould be allowed to go on 
jncreafing for fome years longer. When I 
fpeak of full fecurity f I muft be underftood 
to mean all the fecurity that property in the 
public funds can give. It is earneftly to be 
wiftied this was greater than it is ; but 
though greater might be obtained, yet in 
an undertaking of this kind it is fcarcely 
reafonable to aim at it. The failure of the 
public funds will be the commencement of 
a new aera in this kingdom, of which, like 
the end of the world, we can now form no 
conception; and were everyone to aft with 
a view to its being fo near as perhaps it 
is, there would be an end of mod of the 
bufinefs and traffic of the nation. 

Secondly. When the redudtion I have 
mentioned was refolved on, it was alfo 
agreed, that the whole overplus fliould be 
returned of the payments which had been 

made 
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• 

macje by the members, above thofc which 
they would have made had the redudtion 
token place at the time of their admiffion. 
This made the Society lefs capable of bear- 
ing any redu(Sion of its income ; and it 
would have made a greater reduiSlion par- 
ticularly imprudent- — = — Different opinions 
have been entertained of this meafure; but 
the truth is, that (however fafe and juft 
the profperous ftate of the Society then 
rendered it) it is in itfelf a meafure of the 
moft pernicious tendency, and which 6ught 
ty no means to be again adopted, A re- 
petition of it in future redudions might 
hurt the Society eflentially, by withdraw- 
ing from it that fecurity wjiich it has 
been providing for many years, and bring- 
ing it back to infancy and weaknefs.r It 

v^rppld mcewife be fubverfiye of its own end 
by making the Society incapable of pro- 
ceeding to farther redudlions as foon as it 
other wife might; and by rendering them, 
wl^en made^ lefs confiderable than they 
fhould otherwife have been. Such a mea- 
fure, therefore, might be no lefs detrimien- 
tal to the intereft of even the mem^bers who 
might be led to defire it by the hope of 
prcfent profit, than unkind and injurious to 

fhc Spcjipty at large. — For thefe reafons, and 

• 
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in order to prevent the future bad efFetfts 
which may arife from the late precedent, 
I cannot help wifliing that a refolution of 
a General Court could be procured, pro- 
hibiting every ftep of the fame kind here- 
after. Could fuch a refolution be ob- 
tained, the . Direiftors would be at liberty 
to propofe fuch farther reduftions as from 
time to time they might judge proper ; and, 
particularly, they might immediately take 
off from all the payments for Affurances on 
Single Lives the addition of 6 per cent, with 
which thefe payments are at prefent charged 
in the Tables. This was once a proper 
charge \ but, in the prefent circumftances of 
the Society, it is certainly an exorbitant 
charge ; nor does there appear to be any 
good reafon for * continuing it, except the 
danger of being forced to another return of 
over-payments. 

Believing as I do, that this Society is ca^ 
pable of being made an objeft of great con- 
fequence not only to this^ but to other king-, 
doms, and wifhing to contribute all I can 

* I muft be underftood to mention this only on tb^ 
fuppofition that the Society will chufe to go on ufing 
its prefent Tables. 

to 
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to its credit and honour, I hope I fhall not 
be thought too prefuming if I proceed a 
jittle farther in thefe ftricftures, and take the 
liberty to recommend to it the following 
obfervations and propofals. 

Firft. It is, particularly,' to be wifbed that 
the Society was furniflied with a fet of 
Tables (fhewing the values of Affurances on 
Single Lives) more corre<5t and elegant than 
thofe it now ufes, and more accommodated 
to the bufinefs it carries on. Its prefent 
Tables have been calculated from the rate 
of mortality among the inhabitants of Lon- 
fhn, taken in the grofs, during twenty-^ three 
years, from 1728 to 1750 — a period of time 
which included two years * of greater morta- 
lity than has been ever known in London 
iince the plague in 1665. In confequence 
of this, the values of Affurances on Lives 
are given in thefe Tdblcs Jbmew&at too high 
for the inhabitants at large of even London 
itfelf ; and much too high for the better 
part of the inhabitants. There were good 
reafoqs for beginning with fuch Tables; but 
the Society being now eftabliflied in fome 
degree of fecurity, and having better grounds 
to go upon, it would, in my opinion, be 

* Tbc years 1740 and 1741. 

■ right 
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right to calculate new Tables founded on 
obfervations which will give the values of 
Life-Aflurances, not among the* bulk of 
people in London^ where life is particularly 
fhort, but among mankind in general. 
The decrements of life at every age, as de- 
duced by Dr. Halley from obfervations at 
Brejlaw in Silefia, or thofe deduced from 
the bills of mortality at Northampton or 
Norwich J are nearly the mean decrements 
between thofe in great towns and in country 
parifties and villages. As the Society afTures 
town and country lives indifcriminately, 
thefe are the obfervations by which it (hould 
be guided. But obfervations properer for 
its purpofe than even thefe may be now ob- 
tained. I mean thofe furniiTied by the i?^- 
gijier of Mortality eftablifhed a few years ago 
at CHsB'^Tfe'R, under the direftion of the in- 
genious Dr. Haygarth. — Chejier is an 
old and a very healthy town, of moderate 
lize, which has continued much the fame 
as to populoufnefs for a long courfe of years. 
Thefe are circumftances which render it a 
fituation particularly fitted for fhewing the 
true law that governs the waftc of human 
life in all its ftages. The Regifter which has 
been efftablifhed there is more minute and 
correct than any other ; and it is the only 

one 



INTRODUCTION, xvll 

one I am acquainted with that gives the 
difference between the chances of living 
among males and females, and from which 
it is poflible to compute, with any degree 
of precifion, the values of lives iefore five 
and. after feventy years of age. Tables, 
therefore, of the values of Life- Annuities, 
Aflurances and Reverfions calculated from 
this Regifter, would be a valuable acquifi- 
tion ; and might form a ftandard for the 
bufinefs of this Society, which would be of 
great ufe to it. The prices of AiTurances 
in fuch Tables would indeed be found con-^ 
fiderably lower than thofe in the Tables it 
now ufes*. But they might be raifed as 
high as fhould appear to be neceflary to the 
perfe(9: fafety of the Society, by making a 
charge upon them of tio or 15 per cent. 
and giving them, in the Propofals of the 
I Society, with fuch a charge. 

* Care fhould be taken to remember that I have here 
in view only Aflurances on Single Lives, the longefl: of* 
Two or more Lives, and Joint Lives. The values of 
Aflurances on Survivor/hips are, in many cafes, greater 
when the chances of life 2X^ greater \ and it is of parti- 
cular confequerice that the Society fliould attend to this, 
and diftinguifli between the cafes in which its intereft 
requires it to compute from obfervations that give the 
chances of life high^ rather than from thofe which give 
them hw» 

b Secondly. 
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Secondly* The bufinefs of the Society 
requires that it fhould be pofleft of Tables 
of the values of two joint lives at all ages, 
agreeably to the beft obfervations, and true 
to at leall three places of decimals. With- 
out fuch Tables it is impoflible to find, in 
many cafes, the true values of the Aflu- 
rances to be made by the Society, and par- 
ticularly of AiTurances on Survivor/hips for 

Terms. There are now no fuch Tables 

extant, Mr. Simp/on s Table in the Sele£l 
Exercifesy page 266, is adapted only to 
London ; and gives the values only to 
one place of decimals. The Table in 
the Treatife on Reverfionary Payments, 
page 328, is calculated from Mr. De 
Moivres Hypothefis j and this Hypothefis, 
though agreeing nearly in the middle ftages 
of life with the Brejlaw and Northamp-- 
ton obfervations, yet differs fo widely 
from all real obfervations before twenty 
and after feventy, as to be totally im- 
proper for ufe. The Society, therefore, 
in order to a more perfedt management 
of its bufinefs, fhould dired: fuch Tables 
as I have defcribed to be calculated. And 
were they even to go fo far as to fur- 
nifli themfelves with Tables, equally exadt, 

5 of 
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of the values of three *j as well as of two 
Joint Lives, their bufinefs would be ftill 
more affifted, and confidcrable fervice done 
to this part of fcience. The expence of 
fuch calculations can be no object to them^ 
and the moft eafy and expeditious method 
of making them has been diftindtly defcribed 
by Mr. Morgan in the following work. 

Thirdly. I muft take the liberty to re- 
mind the Society of the particular care ne- 
ceflary to prevent the intrufion of bad lives. 
It muft be ruined, fhould it ever become, 
not a refource for the living and healthy, 
but a refuge for the fick and dying. Its 
profperous ftate proves that the vigilance 
of the Diredors has hitherto guarded it 
againft this danger; but its great increafe 
expofes it to more and more of this danger; 
and therefore it would not perhaps be amifs 
to appoint a medical afliftant, whofe par- 
ticular bufinefs it fhall be to enquire into 
the ftate of health of the perfons who are 
offered to be affured. Should fuch a rep:u- 
lation be the means of excluding but two 

* In making many calculations for the bufinefs of the 

Society, it is necefiary to find the values of the longeft of 

two or of three given lives. But this cannot be done 

without knoviring the values of the two or of the three 

joint lives. 

b 2 or 
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or three bad lives annually, which would 
othcrwifc have been admitted, the expence 
attending it will be more than compen- 
fated. 

This, without doubt, is the principal 
danger to which the Society is expofed. But 
there is another of confiderable confequcnce 
about which I cannot be filent ; I mean 
the danger of employing unfkilful calcu- 
lators. Such Tables as I have propofed 
would leffen this danger; but no Tables can 
entirely remove it, becaufe there are many 
cafes in which the values of Aflurances can- 
not be obtained by Tables, without nice, 
and fometimes long and laborious compu- 
tations, which none but able mathematicians 
can make. There are indeed (as I have 
before intimated) no queftions, the folution 
of which requires a ftridler attention or 
more fkill in inveftigation than fome in the 
do(5lrine of AfTurances, Difficult queftions 
of this kind are fometimes brought to the 
Society; and the Diredtors, not being them^r 
jfelves mathematicians, are under a neceflity, 
in making their demands, of being governed 
by their Adluary : And ihould he happen 
to be unqualified, he muft make miftakes, 
and either the Public or the Society will be 

injured, 
^ In 
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In fliort. The Society can fcarcely be fen- 
iible enough of the importance of both abi- 
lity and probity in the fervants it employs ; 
nor, therefore, of the particular Veafon there 
is for guarding their places againft the ap- 
plications of candidates who, on any future 
vacancies, may endeavour to intrude them* 
felves by their connexions or influence. 

I intended to have proceeded to foxne far- 
ther obfervations and propofals ; but I have 
perhaps already gone too far. Thofe which 
have been offered are lincerely meant to pro- 
mote the profperity of the Society; and 
they will therefore, I doubt not, be received 
with candour. 



RICHARD PRICE. 



^^iwington-Creek, 

May 20, 1779. 
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Page 3, line 11, for " thofe of*^ read " /«" 
Page 155, line 6th of the Note, for " 17th Problem,' 
read " 19th Problem." 
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CHAPTER h 

An IntroduSiim to the DoBirine of 
Affuraiices on "Lives* 

SECT* i» 

Tfl E eafc with which the value of an 
Aflurance is com|)uted depends on 
the number of lives involved in the calcula- 
tion. In order, therefore, to give a cleaf 
Idea of this fubjedt, and the principles fronl 
Ivhich the feveral queftions are inveftigated, 
it will be ncceffary to begin with thofe cafeS 
where only one life is concerned.— The 
fimpleft of this kind is the Affurahce of a 
fingle life for the term of one year. — No-«t-^ 
thing further is required here than to deter- ^ 
mine the probability of the life's failing in 
this time J and in proportion as this proba- r 
bility is greater or lefs, the value of the 
B Aflu- 
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Aflurance will alfo be greater or lefs; fo 
that was it certain that the life would fail in 
the year, the premium of Aflurance would 

be equal to the fum aflured : was it an even 
fchancc whether it failed or not, it would be 
worth half as much : was there only one 
chance out of twenty , the premium would 
only be a twentieth, and fo on. 

Suppofc, for example, that 50 perfons 
aged 39 agreed to aflfure 100/. egch'on 
their lives for one year. — By Dr. Halleys 
Table of Obfervations it appears that one 
of them will die in the year. The value 

of the Aflurance, therefore, will be — of 

50 

100/. or 2/. from each perfon ; for this 
contribution will jufl:furnifli money enough 
to pay the claim. But fmce the money is 
generally advanced at the beginning, and 
the claim is not paid till the end of the year, 
this fum mufl: be difcounted for a year, that 
the feveral contributions, together with their 
intereft, may be juft equal to the fum aflured^ 
—Had thefe perfons been 59 years of agCj^ 
2 of them would have died in the year^ and 
the contributions would have been twice a& 
much \ had they been 70 years of age, 4 of 
them would have died, and confequently 
the contributions would have been 4 times 

5 as 
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ft8 much. This fliews the reafon why th« 
Value of an Aflurance for a year is continu- 
ial!y increafing with age, till at laft it be* 
comes equal to the fum aifiired. 

Let the time now be 2, 3, or any ccrtaiii 
number of years, the fum, as before, 100 A 
the whole price of AfTurance to be paid 
down immediately, and the Claim when- 
erer the death happens.— —The principles 
of inveftigation in this cafe are a little more 
complicated than thofe of the former, and 
they will perhaps be beft explained in the 
ibllowiftg manner :— Let 86 be fuppofed 
the extremity of life, and the difference be- 
tween this period and the age of the perfon 
Jyt called the complement of life i let the 
probability of living alfo decreafe according 
to De Moivres Hypothcfis * in arithmetic 

pro* 

♦ In this riypothefis the limit or utmofi extent of life 
is CQofined .to the age of 86, and the probabilities of ex- 
iftence are fuppofed to decreafe in arithmetic prpgreflion $ 
that is, fuppofing any number living at a given age, art 
equal number of them will die every year, till at the age 
of 86 all the lives will become extinft. Thus for in- 
ilance ; if there are 56 perfons living at the age of 30, 
one of them, by this hypothefis, will die annually dur- 
ing the term of 56 years, at which time the laft fur- 
viving life will have failed :— Or in other words, 55 
will be living at the end of the firft year, 54 .at the eni 
•f the fecond year, 53 at the end of the third year, and 

B 2 fo 
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progreflion. . Thcfe things being premifed^ 
fuppofc the age of the perfon to be affured 
is 669 the complement of his life will be 
20 ; and as the probability of his living is 
leflened every year by unity, the chances for 
his living the firft year will be 19 out of 
205 for his living 2 years, 18 out of 20; 
for his living 3 years, 17 out of 20, and fo 
on; from whence it follows, that the chance 
for his dying the firft year will be j out of 
20; for his dying the fecond year, after fur- 
viving the firft, i out of 19; of his dying 
the third year, after furviving the two firft 
years, i out of 18, and fo on. The value, 
therefore, of the Affurance the firft year 
will be a twentieth of the fum difcounted 
for a year. Should the perfon furvive this 
period, for which he has 19 chances out of 
20 (or a probability exprefled by the frac- 
tion — ) the value, at the beginning of the 

fo on for 56 years ; from whence it follows, that the 
probability of one perfon's living to the end of the firft, 

or fecond, or third year will l>c ^> "^j "^ refpedivelyj 

where it appears that the fradions, and confequently 
the probabilities they exprefs, decreafe arithmiticaUj. 
Therefore if » be the difierence between any given age 
and 86, the probability of exifting at this age, for one, 
two, thicc, &c. years, will be properly denoted by the 

corrtfponding term of the feries, ^^^HL^ -^^^^9 -^^^^, &c. 

< firil 
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firft year, of the Affurancc in the fecond year, 
will depend upon the contingency of his 
dying in that year after having furvived the 
firft. The probability that he dies in the 

fecond year, is expreffed by the fraction ^, 
which being multiplied by j2. ^the probabi- 
lity that he furvives the firft) we have -i- 
for the ratio in which the fum difcounted 
for two years is to be diminiflied in order 
to obtain the value of the Aflurance for the 
fecond year. In the fame manner, the va- 
lue at the beginning of the firft year of the 
Aflurance in the third year depends upon 
the perfon's furviving the two firft years, 
for which he has 1 8 chances out of 20, and 
his dying in the third year, the chance for 
which is I out of 18, thefe two fradtions, 

or ^^ and j^ being multiplied into each 

other, we ftill fliall have ^ to exprefs the 

ratio in which the fum, difcounted in this 
cafe for three years, is to be diminiflied. 
By reafoning in the fame way, the value of 
the Afliurance during the fourth, fifth, &c. 

years will be conftantly found ^th of the 

fum difcounted for four, five, &c. yeairs ; 
and the amount of all thefe fums will be 
the whole value of the Aflurance in one 

JS 3 prefent 
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prcfeht payment* — Was this Affurance ex- 
tended to the whole duration of life, the 
' value would be determined in a fimilar man- 
ner, only continuing the calculations for a 
number of years equal to the complement of 
the life; at which time it becomes a certainty 
by the hypothefis * that it will fail, and of 
courfe that the claim will become due.— i 
The fame reafoning may be applied to every 
age, and any table of obfervations. — Thus; 
fuppofe the perfon is 30, and the probabi- 
lities of life as given by Dr, Halley. The 
chances for his living one year will be 523 
out of 531 ; for his living two years, 515 
out of 531 ; for his living three years, 507 
out of 531, and fo on. The chances for 
his (fying the firft year are 8 out of 531 1 
for his dying the fecond year, after furvivihg 
the firft, 8 out of 523 ; fot his dying the 
third year, after furviving the two firft 
years, 8 out of 507, &c. The value 
of the Affurance, therefore, the firft year 
will be 100/. difcounted for a year, and 
diminiflied in the ratio of — : the value 
of it the fecond year, at the beginning of the 
firft, will be 100/. difcounted for two years, 

and diminifhed in the ratio of ^x — or~i 

531 5*3 531 

the third year it will be 100 A difcounted 

* 5ee Note, page 3, 

for 
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for three years, and diminished in the ratio 
of ^ multiplied into — , or — ; which 

will continue invariably the fame as long as 
the probabilities of life decrcafe in arith- 
metic prbgrcffion; but this not being always 
the cafe, the ratio will confequently be dif- 
ferent; hence in the prefcnt inftance the 
probability of the perfon's living 14 years is 

exprcffcd by the frad:ion ^^ *, and the pro- 
bability of his dying the 15th, after 
furviving the firft fourteen years, by — . 
thefe two fradtions, therefore, being multi- 
plied into each other, we have —^ for the 

ratio in which the fum (properly difcounted) 
J8 to be diminifhed the 15th year. In 
other years this ratio will be found as much 
Icfs as it is here greater than — ; fo that 

upon the whole it coincides very nearly 
with Mr, De Mowres hypothefis. In what 
manner the amount of the feveral fums 
((Jifcounted and diminiflied for the refpec- 
tive years) is determined, may be feen in 
Dr. Prices Treatife, Queftion loth and 
14th -f*; and in Sim/on s Seledt Exercifes, 
Problem 26. My defign being only to give 

* See Note under Prob. 4tb, chap. 3d. 
t Thefe two Queftions are the fame with the eighth 
and ninth Problems in the third chapter. of this work. 

B 4 a gene- 
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a geineral idea of the principles from which 
the. values of Aflurances are inveftigatcd, it 
isigi^M^^gry to be more particular, 

l^iX^^sdi ^Jingle payment, the value 
of an Aflurance of i oo /• for any term of 
years was required in annual payments, the 
anfwer may be obtained by reafoning in the 
following manner : — Suppofe 50 perfonj 
aged 36 had agreed to aflure 100 1, each oa 
their lives from year to year for any certain 
term, that is, by equal contributions tq 
difcharge whatever claims may happen in 
the courfe of every year. By De Moivres 
hypothefis one of them will die in the firft 
year and become a claimant at the end of 
the year. The value of the Affurance from 
each pcrfon, therefore, will be 2 /.; but if 
the money has been advanced at the begin-* 
ning of the year this value will be lefs, or 
only 2/. difcounted for a year. — The fecond 
year there will be 49 perfons alive, and one 
in 49 will die by the fame hypothefis, con- 
fequently one will become again a claimant 
of I op/, in the courfe of the fecond year j 
but a contribution of ? /. each from 49 per- 
fons will not be fufficient to difcharge fuch 
a claim ; at th? beginning of the fecond 
year, therefore, they ought to contribute a 
little more than they did at the beginning 

of 
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of the firft year ; — and for the fame reafon^ 
thofc of them that will live to the third 
year ought to contribute more than tb^y'did 
the fecond year in order to make gOod the 
fame Affurance, and fo on for every yeaf 
during the whole term. If the price of 
Ailurance is paid, not in annual contribu- 
tions continually increqfing from year to 
year, but in one fixed annual contribution, 
it is obvious that this contribution ought 
to be higher than the contribution due for 
an Affurance in the firft year of the terra, 
and lower than the fame contribution in the 
laft year. What this me&n fhould be, may 
be determined by the Rule in Dr. Prices 
14th Queftion. 

Had there been 50 perfons at the age of 
61, two of them would have died by the 
fame hypothefis every year, and confe- 
quently the contributions muft have been 
double what they were at the age of 36. 
From whence the reafon may be inferred, 
why the difference between the price of 
Affurance for one year, and the (hort term 
of fix or feven years, is not (o confiderable 
on a young life as it is on an old one ; for 
the probabilities of dying being lefs in one 
cafe than the other, the prices of Affurance 

muft 
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muft be lefs, and confequently the differences 
lefs. 

Were thefe annual payments to be con- 
tinued during the whole of life, that is, was 
it an Affurance of looA to be paid when- 
ever the life fails, the reafoning will be ex- 
a&ly fimilar to that in the preceding cafe. 
But the mean of all the payments will be 
much more confiderable here ; for thofe 
contributions mufl increafe annually, till at 
laft they become equal to the fum aflured. 
This follows from the nature of the hypo- 
thefis 5 which fuppofing that one pcrfon 
will die every year till they are all extinft, 
reduces them at the extremity of life ta 
one furvivor, whofe contribution muft con- 
fequently be the fum aflured. — It fhould,. 

however, be obferved, that the mean be^ 
tween the firft and laft payment is not to 

be underftood as a fimple arithmetical mean, 
or the half of the fum of thofe payments, 
but fuch a conftant annual fum, which muft 
fo far exceed the value of an Affurance for 
the jfirft year as to produce a fiirplus that, 
in confequence of being laid up, iliall form 
a capital, which, together with its intereft 
added to the annual payments, fliall be fuf- 
ficient to difcharge the claims as they be- 
come payable ; fo that when the laft life 

drops. 
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drops, juft fo much of the capital (hall be 
left as, together with the intereft due, (hall 
be equal to one claim. Such a^njean as 
here defcribed may be found in VlhubPrice's 
Treatife on Reverfionary Payments, Queftioa 
loth *. 

Thefe are the chief principles from which 

the values of all Aflurances on Jirig/e lives 

are deduced. Thofe of the fame kind oji 

the joint continuance of the lives, or the 

hnge/i of any number of lives, are found in 

a fimilar manner. I would only obfervc 

that as, in fuppofing any two events, the 

chance is univerfally /ejs for the happening 

of ioti of them than of one, fo the value of 

an Affurance on two joint lives which dcr 

pends upon fuch a contingency muft be 

greater than the value of an Affurance on 

the (ingle life of one of them ; for in the 

one cafe the claim is paid .if they do not 

M live to the end of the term, that is, if 

(wo events do not happen j in the other 

cafe, it is paid if one does not live to the 

end of the terrn, or if one event does not 

happen. -For the fame reafon the value of 

an Affurance for the longeft of two, or any 

pumber of lives, will be /efs than on a (ingl^ 

* This is the fame with the eighth Prob, in the third 
(Chapter of this work. 
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life ; for here the claim is not paid unlefs 
two or more events do happen, that is, un- 
lefs two or more lives fail in the term. So 
that it is plain the greater the number oi joint 
lives that are affured, the greater will be the 
value of the Aflurance; and on the contrary, 
the greater the number that are affured 
during the longeji liver , the lefs will be the 
value of the Affurance. The folutions of 
all cafes of this kind being inveftigated from 
the fanie principles with thofe of iingle 
lives, they are confequently anfwered by the 
fame rules in Dr. Price's Treatife, Queftions 
loth and 14th*. 

Affu ranees on Survivorjhips are much more 
complicated, efpecially where feveral lives 
are concerned ; but at prefcnt 1 (hall only ex- 
plain thofe of two lives, as they are by far 
the moft common ; and being properly 
underflood, it will not be difficult to reafon 
from the fame principles in cafes where a 
greater number of lives is concerned.——— 
To begin with the moft fimple, let us fup- 
pofe the Affurance made only for one year 
on the contingency of one given life's fur- 
viving another. Let the age of the perfon 
to be furvived be 50, and of the other 30 / 

♦ See Cor. to Prob. 8th, and Cor. to Prob. 9th, in 
the 3d chapter of this work. 

that 
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that is» a given fum is to be paid in cafe 
Utit former fhould die before the latter in one 
year. — By the hypothefis*, the complement 
of a perfon aged 50 is 36, and that of a per- 
fon aged 30 is 56. It follows, therefore, 
that the youngeft perfon has t^^ chances out 
of 56 for livings and the oldeft perfon one 
chance out of 36 for dyings in the year. 
The payment of the claim depends upon 
either of two events ; firft, that they fhall 
both die in the year and the youngeft fhall 
die laft; fecondly, that the oldeft perfon 
only Ihall die in the year. The probability 
that they fhall both -f- die is exprefTed by 

the two fradions -^ and -~ multiplied into 

each other, or / ■. But that one in 

30x50 

particular fhall die laft is an equal chance. 
Half oi this fraftion therefore, or -—^^^ 

will be the value of the expeftation on the 
firfl of the two events. The fecond, which 
is by far the mofl confiderable, will be ex- 
prefled by the probability of the oldefl per- 

♦ See note, page 3. 

f It is here taken for granted that the reader is fo far 
acquainted with the doctrine of Chances as to know, 
that the probability that any number of independent 
events will all happen is the produfl of all their proba- 
bilities feparately taken multiplied by one another. 

* 

fon's 
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fon's (fyingy or -^, multiplied into the proba- 
bility of the youngeft perfon's livings or ^. 
The fum of thefe two fradtions therefore, 

or — \ — T added to -r ^, = -^^, will exprefs 
1K36X56 56x56' 403* * 

the whole ratio in which the fum propofcd 
to be aflured, after being difcounted for a 
year, is to be diminifhcd. By reafoning in 
the fame manner, the value of any other 
AfTurance of this kind may be determined^ 
If the term of the Affurance is extended 
to two, three, &c. years, or to the extrc-» 
mity of life, the principles by which the 
folution is inveftigated are exadly fimilar, 
provided the value is required in one prefent 
payment. Thus, the chance that the oLdeft 

fhall die in any year is conftantly -^, and 

that the youngeft fliall die -i- ; this appears 
by reafoning as in page 5. Half the frac- 

will therefore always exprefs the 



tion 



36x56 



value of the expectation on the contingency 
of their both dying in the fame year, and 
one in particular dying laji. The other ex- 
pectation after the fir ft year depends upon 
the youngeft perfon's living two, three, &Cj 
years, and the oldeft perfon's dying in the 
firft, fccond, third, &c. years, and is de- 
termined 
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termiiied by conftantly multiplying i., cx^ 

preffing the latter probability, into the fcve- 
ral fraftions exprcffing the former probabi- 
lity. Pot the youngeft perfon's living two 
years, there are, by the Hypothefis, 54 
chances out of 56 ; for his living three 
years, 53 chances out of 56, and fo on. 

The fradions ^, 51, &c. will therefore 

exprefs the probability of his living two^ 
three, &c. years. Thefe being feverally 

multiplied by ^ and added to ;~^, ex- 

prefling the expectation on the firft contin* 

gcncy, - we (ball have — for the ratio in 

which the fum to be aflured, after being 
(JifcQunted for two years, is to be diminifhcd 



in the fecond year ; — ^ for the ratio i^ 



403a 



whichij after being difcounted for three 
years, it is to be diminiflied in the third year, 
and fo on. The fum, therefore, of all thefe 
terms is the whole value of the Aflurance in 

« 

one prefent payment. If it is only for a 
limit-ed tiijie, the number of terms muft b^ 
equal to the number of years ; if it is for 
life, the terms muft be continued tq the 
extremity of the oldeft life. How thefe 
are fummed up and reduced into general 
rules may be feen in Sim/ins Sele<a Exer- 

cifes. 
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cifes. Problem 32d— <md Dr. Prices Trca- 
tife, Queftion nth*. 

In computing the values of Aflurances oil 
Survivorfliips in annual payments from the 
fame principles with thofe on fingle lives, 
the reafoning is much more complicated^ 
Suppofe a given fum to be paid at the death 
of a perfon aged 6i fhould that happen 
before the death of another aged 36^ and 
that 50 perfons^ all aged 61^ had agreed to 
aiTure 100/. each on their lives dependent 
on this contingency. By De Maivres Hy- 
pothefis one v^ill die out of 50 at the age 
of 36 in the firft year, and two out of the 
£ime number at the age of 61.— One claim, 
therefore, will certainly become due in this 
year, towards which a contribution of 2 /• 
from each perfon muft be paid. — That thd 
other does not become due depends upoil 
two events ; firft, that the youngeft life 
which drops was one of thofe aflured againft 
either of the two oldeft lives which failed in 
this year ; fecondly, that provided this was 
the cafe, the youngeft perfon alfo died iefor^ 
the oldeft one in the year. That the firft: 
event happens, there are two chances out of 
50, or a probability which may be expreflcd 

• Sec Problem i6tb, chtp. 3d, of this work. 
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by the fraftion ^, or -i; that the fecond 
event happens is an even chance, which is 
exprefled by -^ . Thefe two fradions being 
multiplied into each other^ we fhall have 
— — = - exprefling the whole probability 
that the fecond claim does not become due j 

that is, — th, or 2/. muft be deduded from 

50 

this 100/. and the remaining 98/- divided 
into equal contributions, which being ad- 
ded to the former contribution of 2/. will 
make the whole of the firft year's AlTurance 
3/i 19^. 2^; and as this is fuppofed payable 
at the beginning, and the claim not till the 
end of the year, it muft be difcounted for one 
year.' In the fecond year, there will be 
very nearly three Aflurances lefs than in the 
firft year ; and as the deaths among the old 
and young lives continually bear the fame 
proportion to each other, there will again 
be nearly two claims to be paid in this year ; 
which being divided among fewer members, 
will render the contributions from each per- 
fon fo much the higher. In the third year 
there will be nearly fix Aflurances lefs than 
in the firft, and three lefs than in the fecond 
year. The claims will, however, be much 
the fame, and coafequently the contributions 

C higher 
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higher than in the preceding year. By rea^ 
foning in the fame manner^ it will be found 
that the annual payments are continually 
increafing tiirthey become greateft in the 
laft year ; from whence it is obvious, that 
the true value of a fixed annual payment is 
determined by taking a mean, which will fo 
far exceed the firft yearly payment as to pro- 
duce a furplusy that, with its accumulating 
tntereft, will be fufficient to difcharge the 

claims of the laft years, I have not at- 
tempted to afcertain with exaSlnefs how 

much the contributions increafe and the 
claims diminifti in every year, for the rea- 
ibning becomes fo perplexed and compli- 
cated as to render it unfit for the prefcnt 
purpofe. It appears, however, from this 
general view, that the contributions increafe 
Qiuch fafter than the claims diminifh ; fronk 
whence a proof arifes that the Iqfl payment 
is the moft confiderable, and that ^ fixed 
Annual premium (hould be fuch a mean as I 
have defcribed. The method of finding 
Cbis mean in all cafes may be feen in Dr. 
Fr/V^'s Treatife, Queftion nth. 

The annual payments, both for the Af- 

furances on Survivorftiips and Single Lives, 

are generally determined by dividing the 

value of the Aflurance in one payment by 

J thf 
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the value of an annuity on the joint or fingle 
lives ; and the reafon of this may be eaiily 
inferred. — Thus ; let the fingle premium 
of Affurance on the above Survivorfliip be 
50 /. If, inftead of one payment^ it is 
agreed to take a fixed annual payment dur- 
ing the continuance of the joint lives, it is 
plain the value of this tvill depend on the 
number of years they will exifl: ; that is, 
on the number of years which, one with 
another, all joint lives at thofe ages do 
pxift together, fome exifting as much longer, 
as others exift a Jhorter time; or, in other 
words, on the mean duration of the joint 
continuance of the lives, called by De 
Moivre, and othef writers on the fubjedt, 
the expeSlation of the joint lives* In the 
prefent inftance, this expediation is juft 
equal to ten years and a half; fo that tho 
annual payment will be 4 /. 15 j, 3 d.i for 
ten payments and a half, of 4 /. 1 5 j-. 3 ^/* 
each, will be equal to 50 /, fuppofing the 
perfon aflured to make no interefl: of his 
money; but as the contrary is always under- 
ftood, it follows that 50/. received in this 
manner, cannot be an equivalent to the 
fame fum received in one prefent payment; 
for the latter, in lof years, at 4 per cent, 
compound interefl:, will accumulate to 

C 2 j^l. 
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75 /• gs. 6d. whereas the former, undet 
the fame circumflances, will not exceed 
60/. 1 3^. 4^/. — The preceding annual pay- 
ments, therefore, fhould be increafed ; and 
the true value of an annuity on the joint 
lives being nearly yl (allowing a difcount 
at /^ iptv cent .) this, and not 10 f, will be 
the fum by which the Jingle premium of 
50 /. muft be divided, in order to find the 
annual ^Ttmmm equivalent to it*. A fimilar 
reafoning may be applied to Survivor (hips 
for termsy and to Aflurances on Single Lives 
for terms and continuance. 

In examining the principles upon 
which the calculations of Aflurances are 
founded, I have generally chofen to make 
uf« of De Moivre's Hypothefis, as being tha 
mod fimple. The fame reafoning, however, 
may be formed from any table of obferva- 
tions ; many of which corrcfpond very 
nearly with the hypothefis. 

* This calculation fuppofes the firfl: payment to hm 
made at the end of the year ; but if it is made at the 
beginning of the year (which is commonly the cafe) unity 
muft be added to the value of the joint lives. This, in 
the prefent inftance, would reduce the annual premium 
t) 5/. ijs, id, which, without the addition of vnityj 
is 6/. 13X. 3^. 

SECT. 
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SECT. II. 

On the different Methods of determining the 
State of a Society ^ whofe Bufinefs confjls in 
making Affurances on Lives. 

HAVING conlidered the principles 
from which the values of Affurances 
in general are inveftigated, let us now fup- 
poiTe a fociety eftablifhed for making fuch 
Affurances. It is obvious, that fo far as it 
does not regulate itfelf according to thefe 
principles, it muft proceed in the dark, and 
be either requiring exorbitant contributions 
on the one hand, or laying the foundation 
for future difappointment on the other. It 
becomes, therefore, of the laft confequence 
that a fociety of this kind (hould always be 
able to determine its real ftate, and I will 
beg leave to give the following methods 
for this purpofe. 

I. Let an exadt account be taken of the 
proportion of affured perfons who have died 
annually, or of the decrements of life at the 
different ages of the members, from the 
eftabfifhment of the fociety to the prefent 
time. If thefe decrements of life fhould 
appear to be lefs than thofe in the tables 

C 3 from 
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from which the calculations arc made, a 
demonftration will arife of the thriving ftate 
of the fociety, and it will enjoy advantages 
equivalent to the excefs of the decrements 
of life in the tables above thofe in the fo- 
ciety. — If, on the contrary, thefe decre- 
ments of life (hould appear to be greater 
than thofe in the tables, or that a larger 
number dies than the calculations fuppofe, 
the fociety will fuftain loflcs proportionable 

to this difference. The probabilities of 

life in a fociety fliould be always a little 
higher than thofe in the tables, in order to 
balance the neceflary expences of manage- 
ment, and to enable it to lay up againft any 
particular feafon of mortality; from whence 
it follows that, (hould the probabilities of 
life in the fociety be lower than thofe in the 
tables, its permanency muft be foon de- 
ftroyed, if others are not ufed which make 
the decrements of life more confiderable. 

II. The (horteft method of trying the 
ftate of the fociety (as far as it zffmts Jingle 
lives) is by comparing the amount of the 
annual payments which have been made for 
fuch aifurances, with the amount of the 
annual claims derived from them ; and the 
following general rule may be given for this 

purpofc : 

'' Find 



€$ 
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** Find the fum of all the annual pay- 
** ments for affuranccs on the wAo/e dura^ 
tion of fingle lives, Find^jalfo the fum 
of all the claims groun^tcra upon thefe 
^ payments. In like manrter, find the fum 
•* of all the annual payments for aflurances 
** on fingle lives for any term not exceeding 
•* feven years. Find alfo the fum of all the 
•^ claims derived from thefe laft payments. 
'^ If in the latter cafe, the fum of all the 
payments is equal to the fum of all the 
claims^ and in tht former cafe, greater 
in the proportion of three to two, it will 
appear that the payments are fufficipnt to 
fupport the engagements of the fociety, 
fuppofing no expences of management ; 
and as much as the payments are in 2l 
higher proportion than this to the claims, 

** fo much profit will the fociety enjoy." 

The principles from which this rule is 
derived will appear from the following ob- 

fervations. Suppofe a body of people all 

40 years of age to form themfelves into a 
fociety for the purpofe of afluring 1 00/. each 
on their lives for their whole duration. 
Suppofe alfo that they keep up the fociety to 
the fame conftant number by admitting con- 
tinually new members at the age of 40 in 
the room of fuch old members as die off. 

C 4 It 
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It is plain in thefe circumflances that the 
whole colledlive body of members will be 
continually growing older till their mean 
age comes to be as great as poflible. To 
this greateft mean age they will attain in a 
number of years equal to the difference be- 
tween the age at admifiion, or 40, and the 
extremity of life, that is in 46 years, fup- 
pofing the extremity of life to be 86. 
During this period the number of mem- 
bers dying annually will be continually in- 
creafing, till at the end of it about twice as 
many will die annually as died at the firft 
eftablifhment of the fociety. The claims, 
confequently, will alfo increafe annually till 
they are doubled. Had, therefore, the 
payments neceflary to fupport the Aflurances 
been made from year to year in the manner 
defcribed in page 8, they muft have been 
always increafing till they became double ; 
but if the value of the AlTurance is paid by 
contributing an annual fum conftantly the 
fame, this annual fum muft be a mean be- 
tween the payment due the firft year and 
the double payment which would become 
neceflary at the end of 46 years, agreeable 
to what has been obferved in page 19.—- 
According to De Moivres Hypothefis * the 

♦ See note, page 3. 

value 
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value of an Affurance of 100 /• for the 
whole duration of a life aged 40 is in an- 
nual payments (the firft to be made imme- 
diately) 3 /. 4 JT* reckoning intereft at 4 per 
cent. The value by the fame Hypothefis 
of the fame Affurance for a fingle year is 
2/. I s. lod. At firft therefore in the fo- 
ciety there will be an annual furplus equal 
to I /. 7. 5. 2 d. from each member over 
and above the growing intereft of his pay- 
ments. This furplus will decreafe conti- 
nually as the fociety grows older, and in 46 
years it will vaniih; but it will be fufficient 
in that time to raife a capital, the annual 
intferefl of which added to 3 /. 4 5. from 
each member will make up a fum equal to 
that to which the annual claims will in- 
creafe in 46 years. Let the number of 
members be 1000, all when admitted 40 
years of age, and having 100 /. each affured 
to them for the whole duration of their 
lives at a fixed annual payment. By T>e 
Moivres Hypothefis the number of deaths 
the firft year will be 21.74. Each of thofe 
deaths will produce a claim of 100/. and 
therefore the fociety will at the end of the 
year have the fum of 2174/. to pay; but 
the contributions of 3 /. 4^. each will 
amount to 3200/. and 128/. being a year's 

inte- 
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intereft for 3200'/. the total, or 33 2&/. 
will be the whole income of the fociety the 
firfl: year. The difference between this fum 
and 2174A (or 1 1 54^0 will be the firft year's 
furplus to be laid up and improved at com- 
pound intereft.— A furplus a little le/s will 
be left the fecond year, becaufe more will 
die that year. Another furplus ftill lefs 
will be left the third year for the fame rea* 
fon, and fo on for 46 years. The annual 
claims having been all this time in a ftate 
of increafe, they will at laft come to be 
43 i. The annual fum then payable by the 
fociety will be 4350 A or 1 150 A more than 
the annual contributions, but at that period 
the capital formed from the annual furpluffes 
will have increafed to fuch a fum as at 
4 per cent, will yield this intereft ; that 
is, it will have increafed to the fum of 
28^750 /. 

Now it fhould be obferved in the preced- 
ing account, that 3200 /. the amount of the 
contributions of 1000 members all 40 at 
admiftion, is to the amount of the claims 
almoft exadtly as three to two. In fome 
ages this proportion may be found to be 
lower than three to two ; in others it may 
be found higher ; the rule therefore which 
has been given may be coniidered as fufii- 

ciently 
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ciently ^xadt when applied to the circum* 
ibnces of a fociety which aiTures lives at all 
ages. If this fociety has been of any ftand- 
ing, it affords a teft rather too fevcre 5 for 
we have feen that the proportion of the an- 
imal payments to the annual claims muil be 
continually decreafing till in a courfe of 
years the claims become equal to the pay- 
ments^ and afterwards greater. But d-uring 
the firft eight or ten years from the com «^ 
mcncement of the fociety this rule will be 
pretty near the truth, and as it errs after 
this time on the fafe fide, no bad confe- 
quences can arife from having recourfe to it. 
——From what has been faid, it is, how- 
ever, cafy to determine with exacStnefs in 
any period what proportion the claims fhould 
bear to the annual payments ; for in 23 
years they will become equal, and in 46 
years the claims will exeed the payments 
in the proportion of 4350 /• to 3200 /. Sec 
page 26,— As to Aflurances for terms not 
exceeding feven years, I have obferved that 
the claims derived from them ought in ail 
periods of the fociety to be nearly equal to 
the payments. In order to prove this, let 
us take as before a life at the age of 40. 

100/. aflured on fuch a life for a year is 
worth, I have faid, in prefent payment, 

2/. 
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2L IS. \od. From a thoufand fuch Aflu- 
rances will arife at the end of the year 
21.739 claims of 100 /. The fociety there- 
fore at the end of the year will have a debt 
to pay of 2173/. i8x. but the payments 
at the beginning of the year at 2 /. \ s. 10 d. 
eaeh amounted only to 2090 /. 6 s. In the 
eafe therefore of AiTurances for a fingle year 
the claims ought a little to exceed the pay- 
ments 5 and the reafon is» that the payments 
being made at the beginning of the year^ 
they are fuppofed in the calculation to bear 
ia year's intereft^ which is to be added to 
them in order to make up a fum equal to 
the claims at the end of the year. — Again 
100 /. affured on the fame life for two years 
is worth 2 /. 2 s. 3 ^. in two equal pay- 
ments^ the firft to be made immediately 
and the fecond a year hence, looo fuch 
payments the firft year will make 2 1 1 3 /. 
but the claims, it has juft appeared, will 
amount to 2173 /. 18 j. and the fecond year 
they will be a little more; but (the number 
of fuch AiTurances being fuppofed to be 
kept up) the payments will be the fame. 
In the cafe therefore of AiTurances on fingle 
lives for two years the payments will both 
years fall ihort of the claims. An Afl!urance 

on the fame life for three years is worth 

2/. 
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7.L 2 s. gd. and 1000 fuch payments tha 
firft year will make 2136 /. but the claims 
in this year will amount to 2173 /. iSs. the 
fecond year to a little more, and the third to 
ftill more. — An AfTurance on the fame life 
for four years is worth 2 /• 3 j, 2 ^. 1 000 
fuch payments the firft year will make 2158/* 
which ftill fall fhort of the claims in this 
year, and of courfe muft fall fhort of them 
in the three fucceeding years • In an AiTu* 
ranee for five years the annual payments 

will be 2/. 3 J", yd. 1000 fuch payments 
will make 2181A which fum exceeds the 
claims in the firft year but will be lefs in 
the four following years. In AfTurances 
for fix years the payments will exceed the 
claims the firft year, be nearly equal to 
them the fecond year, and lefs the three 
fucceeding years. The like is true in Aflu- 
rances for feven years ; and what has been 
now applied to the age of 40 may, without 
any great diflference, be applied to any other 
age. Take therefore all Afllirances together 
made at different times in the fociety, fomc 
for one, fome for two, three, &c. years, 
it may be expe^ed that the claims and pay- 
ments will be nearly equal, and if the latter 
exceed the former, the fociety muft be fo 

far a gainer. 

III. The 
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III. The third and laft method is the 
moil decifivc, and determines not only whe- 
ther the fociety is in a thriving ftate, but 
likewife of what ftock it is pofTcffed after 
paying to all the different members the value 
of their interefts in their refpeftivc Affu- 
ranees. It may be inferred from the fecond 
method (fuppofing the Affurances paid for 
at the beginning of the year) that the ftock 
which fhould be raifcd from Affurances on 
fingle lives for terms from one to feven 
years is nearly one year's payment for thoie 
Affurances ; and it has appeared alfo that 
from the payments of a ftanding body of 
I ooo members affuring looL each and all 
aged 40 at admifHon^ the capital which 
fl:aould be raifed in 46 years is 28,750 /. 
fuppofing intereft at 4 per cent, and the 
probabilities of life as they are according to 
De Moivres Ilypothefis.. By applying thefe 
rules, therefore, under proper reftridtionSf 
the furplus ftock of the fociety may be 
nearly afcertaincd fo far as relates to Affu- 
rances ovi Jingle lives \ but this method does 
not extend to Affurances on the joint lives, 
the longejl of two lives, or on furvivorjhips^ 
Thefe are indeed in common with all the 
other Affurances included in the firft me- 
thod, but as it can never be proved from 

hence 
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hence what the fociety is really poffeffed of 
after fulfilling its engagements, and as it 
will be proper that an inftitution of this 
confequence be examined by every poflible 
teft to determine its ftability, I (hall beg 
leave to lay down the following rule for this 
purpofe.— ** Find the prefent value in Jingle 
" payments of all the Aflurances fubfifting 
" in the fociety. — Find likewife fo much 
*^ of all the different annual payments as is 
" proportionable to that part of the year 
*^ which is yet to come, before the next 
" payments become due. Add both thefe 
** values together, and let their fum be re- 
** ferved. — Find next the prefent values in 
^^ Jingle payments of all the annual pre- 
" miums due upon the feveral AfTurances ; 
" to thefe add the prefent ftock or capital 
^\ of the fociety; and as far as this laft 
*' fum exceeds the fum referved above, of fo 
" much furplus ftock will the fociety be 
** poflefTed j but if it falls fhort of this re- 
** ferved fum, a demonftration will arife 
^^ that the plan of the fociety is inade- 
'' quale." 
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EXAMPLE. 

Suppofe there are looo AfTurances for 
loo/. each on the whole duration of life, 
and that the annual premiums are 3/4 s. 
each, or in the whole 3200 /• — Let thefe 
members be now 50 years of age ; and the 
value of an Affurance in one prefent pay- 
ment on fuch a life being by De Moivre's 
Hypothefis and at 4 per cent. 52/. 10s. ^id. 
1000 fuch AfTurances will be worth 52,523/. 
Suppofe half a year has elapfed fince the laft 
annual payments were made, half thefe 
therefore, or 1600/. muft be added to the 
preceding fum, which will increafe it to 

54,123 /. The value of an Annuity on 

a life of 50 at 4 per cent, is worth 11^ 
year's purchafe nearly, and as the annual pay- 
ment is to be made in half a year, this value 
muft be increafed by half-unity, which will 
make it equal to 1 1 i. — If 3200/. be mul- 
tiplied by 114. we (hall have 37866/. for 
the prefent vahie of the annual premiums 

in one payment. In the fame manner let 

there be 500 AfTurances of 100 /. each for a 
term of years, of which two are unexpired, 
at 1095/. per ann.-^Let the age of thefe 
lives be 43 years, and the prefent value in 
3 one 
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one payment of thofe Aflurances on their 
lives for two years is 2199 ^* — Suppofe their 
annual payments juft due^ nothing in this 
cafe is therefore to be added.-— The value 
of a life of 43 for one year is worth '^^ 



1000 



year's purchafe. If 1095/. be multiplied 
by this fraction, and the annual payment 
juft due be added to the product, we {hall 
have 2123/. for the whole value of the pre- 
miums in one prefent payment.—- -Again* 
Let there be 20 Aflurances of 1 00 /. each 
on the joint continuance of two lives aged 
45 and ^^ at the annual premiums col- 
leftively of 109/. 16 s. — The value of thofe 
Aflfurances in one prefent payment will be 
1304 /. 6 i.* Suppofe the premiums to have 
been paid three quarters of a year ago ; one 
quarter of them, or 27/. ()Sy muft be added 
to the preceding value which will make the 
whole 1 3 3 1 /. 1 5 J*. By multiplying the an- 
nual premiums by the value of the joint lives, 
increafed in this cafe by three fourths of unity, 
as the next payment is to be made in a 
quarter of a year, we fliall have 965/. 12 x. 
for the prefent value of thofe premiums in 

* The method of finding thefe values, and in general 
the values of all AfTurances on Lives and Survivorfhips 
for terms and perpetuity, will be particularly explained 
in the third chapter. 

D 9ne 
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one payment. In the fame manner may 

the AfTurances on the longeft of two lives 
be found. Let there be ten fuch Affurances 
for I oo L each on two lives whdfe refpec- 
tive ages are 50 and 60, at the annual pre- 
miums colledtivcly of 18 /. 10 j-. Sup- 
pofing their payments juft made, the whole 
year's premium is here to be added to the 
prefent values of thofe Affurances, which 
will be found equal to 469 A \is. — The 
premiiims multiplied by 135- (or the value 
of an annuity on the longeft of two lives aged 
50 and 60) will produce 245 /. 2 j. for the 
value of thofe premiums in one prefent pay- 
ment. Laftly^ let there be 60 Affurances 

of 1 00 /. each on the furvivorfhip of one 
life beyond another. Let the prefent age of 
the perfons to furvive be 50, and of the 
perfons to b6 furvived 60, and let the an- 
nual premiums collectively be 171 /.— -Sup- 
pofe one quarter of a year to have elapfed 
iincethelaft premiums were paid. 128/. 5^. 
is therefore to be added to 2578/. i6j. which 
by the rules in chap. 3d may be found to be 
the prefent values of thofe Affurances in 
one payment, and the total will be 2707/. i x. 
The premiums multiplied by 7r\, or the va- 
lue of two joirt lives whofe refpedtive ages arc 
50 and 6q increafed by one fourth of unity, 

will 
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Will produce 1 248A 6j'. for the value oif thofe 
J^remiums in one prefent payment. Now 
the values of all thefe Aflurances and pro- 
portional parts being added together will 
amount to 60,830/. Ss. — The values of all the 
annual payments due for thefe AfTurances 
being alfo added together will amount to 
42,448/. If 18,382/, 8 J", the difference be- 
tween thofe two fums, be not found in the 
flock of the focietv, or, which is the fame 
thing, if the ftock of the fociety added to 
42,448/. be not equal to 60,830/. 8/, a proof 
will enfue that the fociety is not able to 
fulfil its engagements. .As much therefore 
as the two former fums exceed thd latter^ 
of fo much furplus ftock will the fociety be 
poffefled. 

Having been fo particular in this example^ 
and the principles of thofe calculations be- 
ing fo obvious, any further explanation of 
them can hardly be neceffary ^. I am itn^ 

fible 

* Suppofe the fociety had engaged ten years ago to pay 
loo/, at the death of a perfon aged 40. This perfon 
l>eing now 50, the value of fuch a fum in prefent money 
1552/. iOj. 5^. which would therefore exprefs the va- 
lue of his prefent intereft in the reverfion, fuppofing him 
to have completed his payment for it. But if he has 
agreed to pay for it by an annual premium of 3 /. 4 x. 
during lifej it will follow that he owes as much as fuch 
*tt annual premium dependent on his life is worth. — A 

D 2 lifd 
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fible that a work of this kind would be at- 
tended with great labour where the fociety 
is numerous ; for the values of all the diffe- 
rent Aflurances that do not agree in time, 
date, and in the ages of the perfons afTured, 
muft be calculatedy^/^r^7/^/K ; but no labour 
fhould be avoided that is proper to throw 
light on the affairs of fuch a fociety, and to 
give a more clear and fatisfadlory view of its 
Hate. 

I fhall conclude this fedkion with obferv- 
ing that the flate of the Equitable Society 
(whofe bufinefs confifls in making all the 
different affurances I have defcribed, and who 

life of 50 is worth 1 1^ year's purchafe, or I2| as the firft 
payment is to be made immediately, the prefent value, 
therefore, of what this perfon is indebted will be 3 A 4^ 
multiplied by I2y or 39/. 7 j. Confequently his intereft, 
or the balance in his favour will be no more ths^ the dif* 
ference between 52/. los, 5^. and 39/. 7 j. or 13/. 31. 5^ 
But if he applies for this balance at any other time than 
when his annual payment becomes due ; it is plain, 
fince the values of lives in the table fuppofe the firft pay- 
ment not to be made till the end of a year, that the an- 
nual premium muft be multiplied by 114^ increafed by as 
much lefs than unity as what remains of the year is lefs than 
the whole year. By proceeding in the fame manner with 
all Aflurances for Tcrms» Survivorfliips, &c. in the fo- 
ciety and adding thofe differences together, we have the 
whole of what it is indebted to its members ; and fo far 
as this falls fliort of, or exceeds xt^Jlock^ fo far will the 
iocicty be in a precarious, or in a flourifhing condition* 

5 calcu- 
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calculate their premiums from the principles 
explained in fedion I.) has lately been exa- 
mined by each of the methods here pro- 
pofed, and I fhall now lay the refult of 
thofe examinations before the public. 

By the firft method it has been found that 
during the term of nine years (from January 
1768 to January 1777) the proportion of 
deaths in the Society to thofe in the Table 
of Obfervations for London, from which 
its premiums have been calculated, are, 
From the age of 20 to 50 as 7 to 17 

30 to 40 as 3 to 5 
40 to 50 as I to 2 

50 to 60 as 2 to 3 
60 to 70 as 14 to II 

Or in all ages from 20 to 70 as two to 
three nearly; that is, where the tables have 
fuppofed three claims would have happened, 
only two have taken place in the fociety,-^ 
By comparing the decrements of life in this 
fociety with thofe in Dr. Halleys table, 
which agree very nearly with De Moivre^ 
Hypothefis, they are found to be. 
From the age of 20 to 30 as 5 to 9 

30 to 40 as 5 to 6 
40 to 50 as 6 to 7 
50 to 60 as 5 to 6 

60 to 70 as 5 to 3 
D 3 Or 
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Or in all ages^ from 20 to 70 as 1 1 to 1 3 

nearly. 

By thtfecond method, or by determining 
the proportion of the claims to the pre- 
miums for Aflurances on Single Lives, it 
appears that the claims in this fociety have 
on an average for thefe laft nine years been 
31 15/. per ann. lefs than they fhould have 
been ; that is, the Society has enjoyed a 
clear annual profit during this term of 3 t 1 5/, 
from that part of its bufinefs only which 
confifts in afluring Single Lives., 

By the third method, which is the moft 
certain and dccifive, the furplus ftock of 
this Society is proved by calculating even 
by the London Table, to be confiderably 
above 30,000 /. — In confequence of thofe 
concurring teftimonies of the fiourifhing 
ftatc of this Society it was refolved in June 
1777 to reduce the premiums of Aflurance 
one tenths and to return to every member 
the cxcefs of the payments he has aftually 
made above the payments he would have 
made, had the reduction taken place from 
•the time of his admiflion. — Thofe reduc- 
tions and returns ought undoubtedly to be 
confidered as a diminution both of the an-^ 
nual profits and furplus ftock of the Society^ 
and it may alfp be obfcrved that if the cal- 
culations 
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culations had been made after the premiums 
were reduced, their prefent values would 
have been le/s, which by increafing the dif- 
ference between them and the prefent va- 
lues of the AfTurances in one payment, 
would have likcwifc proportionably dimi- 
nifhed the furplu^. But thefe objedions 
have very little weight. — The annual profits 
of the Society confiderably exceed the re- 
duiStion, together with all the expences of 
management; nor are the returns greater 
than the excefs of the furplus ftock above 
30,000/. Had alfo the prefent values of 
tht Jingle and annual payments been calcu- 
htcd by Dr. HaUeys Table (as it is evident 
they (hould have been*,) the former would 
have decreafedy and the latter increafed in ^ 
much larger proportion than one tenth. — 
Th^ accumulating intereft, therefore, on a 
furplus ftock of 30,000 /. together with the 
annual profits which ftill remain over and 
above the expences of management, perfe<3;ly 
fecure this Society from any future danger, 
and render its late refolutions not on\y fafe, 
but hd^blyju^ and necejfary. 

♦ See page 37. 
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CHAP. II. 

An IntroduEiion to the DoSlrine of 

Annuities. 



SECT. I. 

Of Annuities on Lives. 

THE value of a Life Annuity, like that 
of an AJfurance, is more or lefs eafily 
determined in proportion to the number of 
lives, on the continuance of which the an- 
nuity depends. Where, therefore, only one 
life is concerned the operation will be moil 
fimple, and if the Annuity is limited to a 
iingle year it becomes the exadl converfe of 
that for an AJfurance during the fame time i 
iince in the former, a given fum is to be 
paid if the life exijis one year, in the latter 
the fum is to be paid if the life fails in the 
year; fo that if it were an even chance 
whether it would exift through a year or 
not, the value of an AfTurance and Annuity 
would be ec[ual : and in proportion as the 

chance 
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chance of living exceeds that of dying in the 
year, in the fame proportion will the value 
of the Annuity exceed the value of the AJfu^ 
ranee. — Suppofe, for example, that A. and 
his heirs were entitled to 50 Annuities of 
100/. each on the fingle lives of as many 
perfons, whofe common age was 39 ; that 
is, that they were to receive 100 L from 
every one of 50 perfons of this age at the 
end of every year while they lived. By Dr. 
Halleys Table of Obfervations it appears 
that 49 out of the 50 will live one year ; 
the value, therefore, of the firft payments of 
thofe annuities is 100/. multiplied into 49, 
(or 5000/. the fum of all the payments, 
leiTened in the ratio of 49 to 50) which is 
equal to 4900 /. But as this money is not 
payable till the end of the year, it muft be 
difcounted for a year, fo that the prefent 
value together with the intereft may in this 

time juft accumulate to 4900 /. From 

hence it follows that the value of the firft 
payment of an Annuity in the prefent in- 
fiance exceeds that of an Affurance for a 
year in the ratio of 49 to i ; for in page 2 
it is proved that the premium for affuring 
thofe feveral fums on 50 fuch lives is only 
joo/. difcounted for a year. — Had the An- 
nuity been upon 50 fingle lives whofe com- 
mon 
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mon age was 59, two perfons would have 
died by Dr. Halley's table in the year, fo that 
the firft payment would have been 100/. 
multiplied into 48 (or 5000/. leflened in 
the ratio of 48 to 50) which is equal to 
4800 /• and in page 2 it is proved that the 
premium for afluring thofe fums is 200 /. *; 
hence the firft payment of an Annuity on a 
life of 59 exceeds an AJfurance for a year on 
the fame life only in the ratio of 48 to 2 or 
24 to I .—At the age of 89 the number of 
thofe that die exceeds the number of thofe 
that live one year \ in which cafe the value 
of the firft payment of an Annuity becomes 
lefs than the value of an Aflurance for a year 
of a fum equal to the Annuity. It may be 
obferved from thofe calculations, that the 
fum of the values of the firft payment of 
an Annuity and Aflurance for one year is 
always equal to the value of a fum equal to 
the Annuity to be received certainly at the 
end of the year. This indeed is felf-evi- 
dent, for if a given fum is to be received 
-whether a life docs or does not exift to the end 
of a year, one or other of thefe two events 
muft happen, and confequently the expec- 

♦ It ftould be obferved that both thefc fums of 4800/. 
and ago /• are to be difcounted for a year. 

tation 
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tation on both of them is the expedtation of 
a certainty. 

The value of the different payments of a 
life annuity for two, three, or any number 
of years is determined much in the fame 
manner.— Suppofe the age of the perfon to 
be 66, and the probabilities of life to de- 
creaie according to De Moivres hypothefis*^ 
the chances in this cafe for the annuitant's 
living to the end of the firft year are 19 out 
of to^ and the value, therefore, of i /. to 
be received at the end of a year on the con- 
tingency of his living fo long will be ex- 
preflcd by the fum difcounted for a year and 

multiplied into the fra<ftion ^. ^-In the 

fccond year the chances for his living to the 
end of that year are only 1 8 out of 20, fo 
that the value of i /. to be received at the 
end of this year will be expreffed by the fum 
difcounted for two years and multiplied into 

the fradtion ^.— The value of i /. to be re- 

20 

ceived at the end of the third year, by rea- 
ibning in the fame nianner, will be expreflecl 
by the fum difcounted for three years and 
multiplied into the fradtion ^. — —By 
proceeding thus through any number of 

* See this hjrpothefis explained in note, page 3. 

term4 

5 
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terms and adding the feveral produdts toge- 
ther, we (hall have the value of an Annuity 
of I /• upon this life for a number of years 
equal to the number of terms ; and if we 
continue the operations for 20 terms, it is 
evident that the numerator of the 20th 
term vani(hes^ or, which is the fame thing, 
that the life in 20 years beomes txXin&i 
and confequently that the fum of all the 
preceding 19 terms will exprefs the value 
of an annuity upon the whole life of a perfon 
whofe age is 66.— This reafoning may be 
extended to all ages, as well as to any table 
of obfervations.— Let the age, for inftance, 
be 20, and the probabilities of life as in 
Dr. Halleys table. It appears from thence 
that out of 598 perfons at the beginning of 
the firft year, no more than 592 will live 
to the beginning of the fecond year, 586 
to the beginning of the third year, 579 to 
the beginning of the fourth year, and fo on. 
The value, therefore, of tl^e firft payment 
of an annuity on a life whofe age is 20 is 
exprefled by the fum difcounted for a year 

and multiplied into the fraftion ^. The va- 
lue of the payment for the fecond year is 
exprefled by the fum difcounted for two 

years and multiplied into the fradtion ^. 

The 
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The value of the payment for the third year 
is expreffed by the futn difcounted for three 

years and multiplied into the fradlion ^. 
—If the operations are continued to 71 
terms it is evident from the table that the 
numerator of the fradtion which conftitutes 
the 71ft term vanifhes; and confequently 
the ium of the different produfts for 70 
terms will exprefs the value of the Annuity 
for the whole duration of a life aged 20. 

This fubjedl may be otherwife explained 
in the following manner, — Suppofe a Life- 
Annuity of I /. payable yearly to every one 
of 515 perfons all now aged 20, the firft 
payment of which is to be made a year 
hence. It appears from the Northampton 
Table of Obfervations * that only 507 of 
thefe perfons will be living at the end of a 
year, and confequently that the money to be 
then paid will be only 507 A The prefent 
value, therefore, of the firft payment of the 
Annuities will be the fum which now put 
out to intereft will increafe in a year to 507/. 
that is, it is 507/. difcounted for a year, or 
487/. 10 J".; for this fum added to its inte- 
reft for a year (reckoned at 4 per cent.^ will 
juft make up 507 /. — From the fame table 

* See table 3d> Appendix. 

it 
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it appears further that of 515 perfons livirtg 
at 20 years of age only 499 will be living 
at the end of two years. The prefent va- 
lue, therefore, of the fecond payment of 
the Annuities will be the fum which being 
now put out to compound intereft at 4 per 
cent, will increafe in two years to 499 /.— 
This fum is 46 1 /. 7 s. In like manner 
491, 483, 475, &c. being the number liv- 
ing at the end of 3, 4, 5, &c. years, the 
value of the 3d, 4th, 5th, &c. payments of 
the Annuities will be 491/. 483/. 475/. &c, 
difcounted for 3, 4, 5, &c. years refpec- 
tively, and continued to the year in which 

all the lives become extind. The total 

of all thefe values is 8204/. which there- 
fore is the fum that would be fufficient, if 
improved at 4 per cent, to make good the 
payment of an Annuity of i /. for life to 
every one of 5 1 5 perfons aged 20, according 
to the Northampton Table of Obfervations. 
The value, therefore, of fuch an Annuity 
jpayable to only one fuch perfon muft be 
the 515th part of 8204/. or 15/. i8j'. 6^. 
—This feems to be all extremely clear; but 
he that would fee it drawn out at length and 
fully explained fliould confult a book entitled 
Calculations deduced frorn Jirjl Principles ^ &c. * 

* The author of this work (Mr. Dale) has lately 
publiflied a Supplement to it i and he defcrves the 
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Suppofing the probabilities of life to de- 
crcafe in arithmetic progreflion agreeable to 
De Moivres hypothefis, the fum of the fe- 
veral produds is eaiily calculated by Queft- 
56, voL 2, Dodfons Mathematical Rcpo- 
fitory, or by Prob. ift. Cor. 5th, Simp/on^ 
Dodtrine of Annuities, or by Prob. 2d in 
the next chapter. — But thofe rules cannot 
be applied to tables of obfervation with fuf- 
ficient' accuracy, nor is it poffiblc that any 
general rules, JiriSlly trucy can be delivered 
for this purpofe. Under thefe circum- 
ftances, therefore, it becomes necefTary to 

higheft praife for the pains he has taken to dete£l and 
expofe thofe bubbles, which were fome time ago efta* 
blilhed under the name of Societies for the Benefit of Old 
Age, Mod of thefe focieties, convinced of their miftake, 
have diflblved themfelves. But there is one flill left, on 
which none of the calls of juftice and humanity have 
been able to make any proper impreffion. I mean the 
Laudable Society of Annuitants for the Benefit ofoldAge^ whofc 
office is held at the bottom of Bartholomew Lane, In op- 
pofition to the plaiqeft evidence, this fociety goes on to 
offer double the Annuity it can afford to pay \ and the 
late tranfadions in it (as related by Mr, Dale in his 
Supplement juft mentioned) exhibit an inftance of fuch 
an obftinate and wilful perfeverance in impofition, as 
hath feldom been equalled. — I am forry to add, that this 
ccnfure is applicable to another Annuity fociety called alfo^ 
Laudable, but in reality Perkicious, as many fuf- 
fering widows will fome time or other experience. 

proceed 
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proceed through every fradtion to the extre- 
mity of life, which in younger ages is at-*' 
tended with vaft labour. — Thefe difficulties^ 
however, may in a great meafure be obvi- 
j^ted ; and I fhall in the fubfequent fedtion 
lay down a method by which the values of 
Annuities upon lives of all ages may be 
computed nearly in the fame length of time 
with a fmgle Annuity upon a life of the 
youngeft age. 

The values of Annuities upon the joint 
continuance of two lives are determined 
from the fame principles with thofe on 
fingle lives. — Suppofe the ages of two per- 
fons were 50 and 60. Their complements 
by the hypothefis (that is, the difference be- 
tween their ages and 86 *) will be 36 and 
26, and the chances for their living lingly 
the firft year will be 35 out of 36, and 25 
out of 26 ; confequently the probabilities of 
their both living to the end of this year will 

be expreflcd by the two fradions —• and j| 
multiplied into each other \. In the fame 
manner the probabilities of their both living 
to the end of the fecond year will be ex- 

prefTed by the two fractions ^ and ^ mul- 

♦ See note, page 3. 
f See note, page 13. 

tipliecL 
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tix>licd into each other. The probabilities 
oF their both living to the end of the third 

year by the two fraSions ^ and r| multi-^ 

plied into each other, and fo on for 26 years i 
at the end of^hich the numerator of the 
fraftion expreffing the probability of the 
oldcft life's exiftence vaniflieSi Thofe feve* 
ral fradlions, therefore, multiplied into the 
fum properly difcountedj and then added 
together, will give the whole value of the 
Annuity upon the joint continuance of two 
foch lives. 

'Ale values of Annuities on t\\t joint con* 
tinuance o£ three or any other number of lives 
aire found in the fame manner ; the feveral 
fraSions expreffing their refpedtive proba* 
bilities each year being multiplied into one 
another^ and alfo into the fum difcounted 
as above> and the aggregate of the produdils 
arifing from thofe multiplications continued 
to the extremity of the oldeji life will give 
the whole value of the Annuity/ 

It is plain from what has been obferved 
that the value of an Annuity upon a ,^ngle 
tifd muft be always greater than that of an 
Annuity upon two joint lives of the fame 
age 5 for in the firft, the money is to be re-* 
ccivcd if only we event happens, in the fe- 

E cond 
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eond it is not to be received unlefs that event 
and another both happen.— —For the fame 
reafon an Annuity upon two joint lives is 
worth more than an Annuity upon three 
joint lives of the fame age, inafmuch as 
the money in the one cafe is to be received 
if only /'le^^ events happen, in the other it 
is not to be received unlefs thofe two events 
and one more all happen, Univerfally 
therefore, the greater the number of lives 
the lefs will be the value of the Annuity on 
their joint continuance; and this number 
may be increafed fp far as. even to render 
fuch an Annuity of /^^ value.— In the cafe 
of an equal decrement of life, that is, fup« 
pofing that out of any number living at any 
given age an equal number will die every 
year till all are dead, the values pf thofe 
Annuities for two or three joint lives may 
be calculated by Queft. 64 and 69, vol. 2^ 
of Dodfons Mathematical Repofatory; an<L 
by Prob. i^ Cor. 5, of Simpfon\ Podlrinqs 
of Annuities, or for two joint lives by 
Prob. 3. in the next chapter,— When thr 
calculations are to be made from ^ table p£ 
obfervations thefe rjules are of no u£^y aodl 
the real values can only be determined by m 
tedious multiplication of ^11 the terms.— « 
This requiring too much labour, mathe^ 

maticians 
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iDatfcians have generally conteiHed them* 
felves with approximations to the true var- 
lac5.***^Mr. Simpjim in his Seled Exercifes^ 
Prcb* 9th % has given a rule for determin- 
ing the value of three joint lives from the 
^iven value of two joint lives with tolerable 
precifion^ But it is evident that the more 
acciirate the iafter value is given ^ the nearer 
an approximation will Mr. Simp/on s rule be* 
to thq real value of the former.--^On this 
'end many other accounts, tables of the exaSi 
valugs pf two joint lives are exceedingly de- 
iir^ble; and (hould any perfon undertake 
fuch an ufeful and neceflary work, he may 
pctform it with a vaftr abridgment of labour 
by the method laid down in the following 
:|fed|on» 

With refpet3: to Annuities on the 
Jbngefi of any number of lives, the reafon- 
ing is not fo fimple j and if there are more 
thaQ two lives concerned, it becomes fo 
complicated as not to be capable of being 
explained in a few words. I (hall, therc- 
ibre* confine myfelf to the fingle cafe of 
two Uves, which being properly underftood, 
the firae principles may be applied without 

* Tkis is the fame with the 5th Problcili of the foU 
Vowmg dwpter. 

£ a much 
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much difficulty to any greater number o£ 
lives. 

Suppofe the ages of the two perfons are 
50 and 6o, and, for the fake of more per- 
fpicuity, that the decrements of life are 
according to De Maivres hypothefis*.— 
The chance of the youngeft perfon's living 

one year is expreffed by ?| , and the fame 
chance with regard to the oldcft by || . The 
chance of the yotingeft perfon's not living 
one year is || fubtraded from unity -f-, or 

t—^^9 and the fame chance with regard to 
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the oldcft is alfo i — ^. Thefc two ex- 

26 

preflions being multiplied into each other 
will give the probability of their iotJb dying 

* See note, page 3. 

f A certainty is always denoted by unity ; and^ there- 
fore, the difference between the probability of an evented 
happening and this certainty, muft exprefs the probability 
of the fame event's ntxt happening* 

It ihould be farther remembered here, that the pro-> 
bability that any two independent events will both hap- 
pen is always the probability that the one will happed 
multiplied by the probability that the other will happen. 
For more particular information on this fubjeA the reaf 
der is referred to Simpfon^s and De Moivre*% Dodrine o' 
Chances, and alfo to the 23d and following Qoeftion- 
in the 2d vol. of Dodfin*^ MatheiMtical RepoiUofy. 
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in the year, which is equal to i-^- J| + ^^. 
For fuppofe the firft fradion i — 2| to be 
multiplied into unity, then it will ftill re-? 
main equal to i — 2|, Let it again be mul- 
tiplied into ^ and it will become equal to 

S --liTil- ^"' Te w^^ ^ negative quantity, 
therefore the figns of the two lad fractions 
muft be changed, or wrote down 2i + ~iS. 

Thefe being added to i — 4 > ^^^^ 8^^^ 
i-M-S+Jl^fo^ the whole produft of 

I — ^ into I — j| .——Now fince thofe ex- 

preffioiis give the probability that the two 
lives ihall iotJb fail in the year, it follows 
that if they are fubtradled from unity*, 
they will give the probability that they (hall 
not both fail in the year; that is, that one 
of them at leaft will live to the end of this 

year. In order to fubtrad i - g - g + igg 

from unity it is evident that nothing more 
is neceflary than to change the figns of this 
expreilion and then add it to unity; itx 

which cafe we fhall have i - i + f| + ^6 "^ 

•iilS - Lf + q ^ i|2i| for the true value of 

♦ Sec note, page 52^1 

E 3 the 
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the above probability.— In the fame maftper 
the chance of one of them at leaft living 
to the end of the fecond year is expreiTed 

by !f + if- M^.— The, chance of one of 
/ 36 2^ 46x36 

them at leaft living to the end of the third 
year by J + ;J -. igli, and fo on for a num- 
ber of years equal to the complement of the 
youngeft life (or the difference between its 
prefent age and 86,) as it is plain that aU 
the fractions will not vanifh fooner." ■ ^U 
thofe feveral expreflions are refpeSively mul- 
tiplied into the fum difcounted for i, 2, 
3, &c. years, and the producfts are added 
together, we (hall have the whole value of 
the Annuity for the continuance of the 
longcft of two lives whofe ages are 50 and 
60. — By reafoning in the fame manner the 
value of an Annuity on the longeft of any 
two lives, and by any table of obfcrvations, 
may be determined. But if the values of 
the fingle and joint lives are given, the va- 
lue of an Annuity during the continuance 
of the /ongejl of them is immediately found ; 
for it appears from what has been faid on 

fingle and joint lives, pag. 43 and 48, that ^ 

30 

multiplied into i /. difcounted for a year 

expreffes the value of the firft payment of 

3 an 
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•an Annuity on a life whofe age is 50, that 
^l multiplied into the fan^e fum exprcffcs 
the like value for a life of 60, and that 
^^ multiplied as above exprefles the va- 
lue of the firft payment of an Annuity on 
the joint continuance of thofe lives. It 

follows, therefore, that 3| + *J - iixTT ^^^^ 

36 26 26x36 

tiplied into i /. difcounted for a year, and 
cxpreffing the value of an Annuity on the 
hngeji of two lives for one year, is equal to 
the difference between the value of the Joint 
lives and the fum of the values of ^t Jingle 
lives for the fame term.-— The like may be 
obferved with refpedt to the fecond, third, 
&c, years ; from whence we have the fol* 
lowing general rule : — " Subtraft the value 
of an Annuity on the joint lives from the 
fum of the values of an Annuity on the 
Jingle lives, and the remainder will give 
the value of an Annuity on the continu- 
ance of the longeft of two fuch lives *•" 

If 

♦ Example. Suppofe the value of an Annuity is 
required on the longeft of two lives whofe ages are 40 
and 50. — By Table 5th in the Appendix, the value of a 
fiBglc life of 40 is 13.196, and by the fame Table the 
value of a fingle life of 50 is 11. 344. — T\it\x fum there- 
fore is 24.54, from which 8.91 1 (the value of the joint 

£ 4 lives 
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If the lives arc increafed to 3, 4, 5, or 
any other number, the value of an Annuity 
on the longeji of them is ftill found from 
the values of the Jingle and joint lives, but 
in a different manner. — Thofe cafes, how- 
ever, as I have already faid, being fo com- 
plicated as not to admit of being explained 
in a few words, I (hall beg leave to refer 
the reader for further information on the 
fubjedl to the fecond Problem and its Cor- 
rollaries in Simp/on s Dodtrine of Annuities^ 



SECT. II. 

On the Method of calculating tables ef the 
Values of Annuities on Single and Jt^int 
Lives. 

WA S it certain that a perfon of a given 
age would live to the end of a year, 
the value of an Annuity of i A on fuch a 
life would be the prefent fum that would 
increafe in a year to the value of a life one 
year older, together with the value of the 
fingle payment of i /. to be made at the 

lives of 40 and 50 by Table 6th in the Appendix) being 
fubtradled, we have 15.629 for the number of years 
purcbafe requir^. 

cad 
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end of a year ; that is» it would be i /. to- 
gether, with the value of a life aged one 
year older than the given life, multiplied by 
the value of i /• payable at the end of a 

year. Call the value of a life one year 

older than the given life N, and the value 

of I /. payable at the end of a year i; then 

will the value of an Annuity on the given 
life on the fuppofition of a certainty be 

-+-xiSr=7 xTTn. But the faa 

r r r 

is, that it is uncertain whether the given 
life will exift to the end of the year or not, 
this laft value, therefore, muft be dimini(hed 
in the proportion of this uncertainty ; that 
is, it muft be multiplied by the probability 
that the given life will furvive one year, or 

fuppofing - to exprefs this probability, it 
will be - X, I +iV. 

or 

I 

This Theorem has been otherwife de- 
monftrated by Mr. Simp/on in his book on 

Life-Annuities, Cor. 7th, Prob. ift, and 
by Dr. Price in his Treatifc on Reverfionary 

Payments, Note O of the Appendix *. — Its 

great utility will appear from the following 

^^amples. — Suppofe the probabilities of life 

* See alfo an algebraical demon ftration of this Theo* 
^^E& in not^ A. of the Appendix to this work, 

as 
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as they are given by Dr. Price from the 
Bills of Mortality at Northampton *, and 
the rate of intereft 4 per cent, or r = i .04. 
By reafoning as in page 43, the value of a 
life aged 91 will be expreffed by the iinglc 

fraction -j- x .9615384=. 4807692 -f*. The 

value of a life one year younger by this 

theorem will be — — x 1.4807692 = .7 11 9. 
The value of a life two years younger by 

the fame Theorem will be —• — X i-7ii9 

0X1*04 / ^ 

iz 1.09737. The value of a life three years 
younger will be ^±^ X 2.09737 1= 1.5 125, 

and if we proceed in this manner, the value 
of every younger life may be deduced from 
that next preceding ; nor will the number 
of multiplications neceflary to determine 
the values of all the lives much exceed the 
number of thofe which muft othcrwife be 
ufed for the fingle value of the youngeft life. 
In computing a table of the values of 
Annuities according to this or any other 
theorem it cannot but be particularly agree- 
able to have the truth of our operations con- 
tinually proved as we go on. I do not 
know that any rule has been delivered for 

• See Table 3d, Appendix. 

t Sec Table 1% Appendix. * * 

this 
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this purpofe, on which account I (hall beg 

leave to offer the following*— *' Find the 

** value of I /. payable if the youngeft life 

•* fhould live to the age of the oldeft in the 

<* table. Find next the value of i /. pay- 

*' able if the youngeft life (hould live to an 

•*, age one year lefs than the oldeft in the 

•* table. Multiply this laft value by the 

^* value of an Annuity of i /. on the oldeft 

^* life but one in the table, found in the 

^* manner juft direded, and if the produft 

'^ is equal to the value of i /. payable on 

** the firft contingency mentioned in this 

** rule, a demonftration arifes that the va- 

'* lue of the life is right. Again, find the 

*• value of 1 /. payable if the young'eft life 

" fhould live to an age two years lefs than 

*^ the oldeft life in the table. Multiply 

"this by the value of an Annuity of i /. 

" on a life likewife two years younger than 

" the oldeft life, found from the value juft 

" calculated of a life one year younger, and 

" if the produdt is equal to the fum of the 

'* two values of 1 L payable if the youngeft 

" life fhould continue to the age of the 

" oldeft, and to the age of the life one 

^\ year lefs than the oldeft, the value of this 

" fecond life will be alfo right. In the 

" fame manner let the three values of 1 /. 

** pay- 
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^* payable if the youngest life (hould con* 
^* tinue to the feveral ages of the oldeft^ 
^^ the fecondy and third lives, be added toge* 
^' ther, and if they are equal to the produd 
'^ arifing from the multiplication of the va- 
** lue of an Annuity on the life three years 
'^ younger than the oldeft (found from the 
** value laft calculated of a life two years 
** younger) into the value of i /. payable 
^^ if the youngeft life (hould continue to an 
^« age alfo three years lefs than the oldeft, 
'^ a demonftration will be given that the va- 
/^ lue of this third life has been rightly 
^ found. — Univerfally; if the feveral va- 
lues of I /• payable if the youngeft life in 
the table (hould live to the age of the 
** oldeft, fecond, third, fourth, &c. lives be 
'^ added together, and are found equal re- 
*' fpedivcly to the produfts ari(ing from 
*• the value of an Annuity on a life one^ 
two, three, four, &c. years younger thaa 
the oldeft life multiplied into the value 
of I A payable if the youngeft life (hould 
continue to an age one, two, three, four^ 
&c. years lefs than the oldeft life; a prool 
will arife of the exadnefs of the opera- 
tions as far as they have proceeded ; anc 
when we have gone in this manne 
through all the ages in the table, and th ^ 

" fum 
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•^ fum of the fcvcral values of i /• payable 
if the youngeft life (hould continue to the 
ages of all the older lives is found equal 
^' to the value, found lad of all, of the 
** youngeft life, we have a concluiive proof 
*' that the values of lives at all ages in thq 
** table have been computed without com- 
^' mitting any miftake, and are exa<3: at leaft 
*^ as far, or to as many places of decimals, 
" as the equality reaches/' 
This rule may perhaps be better under- 

ftood from the following examples, Let 

the probabilities of life be as in the North- 
ampton Table *, and the rate of interefl: 
4 per cent, — By reafoning as in page 44 -f*, 
the value of i /• payable if a life aged one 
year lives to the age of 92 is exprefled by 

the fradion ^ multiplied into i /• dif- 

counted for 9 1 years:}:, or, 028 182, which 
is equal to .0000332. Again, the value of 
I /. payable if the fame life continues to the 
age of 9 1 is p- multiplied into i A dif- 

counted for 90 years, or .029309^ which is 
equal to .000069. The value of a Life 

* See Table 3d in the Appendix. 
f See alfo the note under Problem 4th, chap. 3d« 
i See the value of i /. difcountei for any nuoiber of 
years in Table ift, Appendix. 

Annu- 
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Annuity of i /. on a pcrfon aged 91 has 
been found in page 58 to be equal to 
.4807692, and this being muhiplied into 
.000069 gives .0000332, which has like- 
wife been juft found to be the value of 1 /. 
payable if a life aged one year lives to 92, 
and, therefore, the value of the Life An- 
nuity is proved to be true. — The value of 
I /. payable if a life of one year lives to be 

90 is Y" niultiplied into i /. difcounted for 

89 years, (or .030481,) which is equal to 
.0001436. The value of a life aged 90 
calculated from the value of a life aged 91 
in the manner directed in page 58, is .7119. 
Thefe multiplied into each other will be 
equal to .0001022, which is alfo the fum 
of the values of i /. payable if a life aged 
one year continues to the feveral ages of 91 
and 92; confequently the value of this Life- 
Annuity is alfo true. — Again, the fum of the 
three values of i /. payable if a life of one 
year continues to the feveral ages of 90, 91, 
and 92 is .0002458. The value of a life 
aged 89 calculated from the value of a life 
aged 90 is 1.09737 ; and the value of i /. 
payable if a life aged one year continues to 

the age of 89 is ^ multiplied into i /. dif- 
counted for 88 years (or into .03 17) which 

is 
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is equal to .000224, And 1.09737 multi- 
plied into .000224 is equal to .0002458, or 
the fum of the values of i /. juft found.— 
From hence it follows that 1.09737 ^^ '^^ 
true value of an Annuity of i /. on a life 
aged 89 years. — By proceeding in this man- 
ner through every age, it will appear at laft 
that the fum of all the values of i /. pay- 
able if a life aged one year continues to the 

feveral ages of 92, 91, 90, 89, 88, and 

two years, is 13.719, which correfponds 
exaSily, as may be feen in the following 
table, with the value of an Annuity of i /. 
on the fame life founds in confequence of 
computing upwards from the oldeft to the 
youngeft life, according to the theorem in 
page 57, and therefore the values of all the 
lives are ftridly true *• 

In making thefe calculations it will be 
convenient to difpofe the operations into the 
following order. 

« See the demonftration of this rule in note B4 of 
the Appendix* 
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First Table of the Values of Single Live. 



Afire. 


Values of 


Values of i /. 


Sums. 


^p 


Lives. 


payable, &c. 




97 


0000000 


.0000332 


0000000 


91 


.480769 


.0000690 


.0000332 


90 


.7ii9o{: 


.0001436 


.000 1 02 2 


89 


1.097377 


.0002240 


.0002458 


88 


1-512531 


.0003106 


.0004698 


87 


I.9327I 


.0004038 


.0007804 


86 


2.16983 


.0005460 


.0011842 


85 


2-33075 


.0007425 


.0017302 


84 


2.59261 


.0009539 


.0024727 


83 


2.7901 1 


.001228^1 


.0034266 


82 


2.96102 


.0015724 


.0046549 


81 


3 12506 


.0019929 


•O062273 


80 


3.36282 


.0024446 


.0082202 


. 19 


3.64096 


.0029293 


.0106648 


78 


3.94186 


.OO3448J! 


.0135941 


77 


4-25533 


.0040052 


.0170429 


76 


4.51419 


.0046626 


.0210481 


75 


4.79106 


.oo§2666 


.0257107 


74 


5.07880 


.0061192 


.0310773 


73 


5-27^6y 


.0069235 


.0371965 


72 


5-66943 


.0077823 


.0441200 


71 


5.96681 


.0086987 


.0519023 


70 


6.26315 


.0096760 


.0606010 


^9 


^•5573° 


.0107175 


.0702770 


68 


6.84841 


.0118269 


.0809945 


67 


7-13585 


.0130079 


.0928214 


66 


7.41916 


.0142645 


.1058293 


65 


7.69802 


.0156007 


.1200938 


64 


7.97220 


.017021 1 


^^3569^3 


63 


8.24154 


.0185300 


-1527156 


62 


8.50594 


•0201326 


•I712456 


61 


8-76533 


•0218336 


.191378^ 
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Age. 

6q 

59 
5« 
57 
5^ 
55 
54 
53 
5* 
51 
50 

49 
48 

47 
46 

451 
44 
43 
42 

41 

40 

39 
38 
37 
36 

35 
34 
33 
32 

3» 
30 



27 
26 

25 



Values of 
Lives. 



9.C197O 
9.26904 

9-51338 

9-75^75 
9.98721 

Q.21681 

0.44163 

o.66iy5 

0.87724 

1.08819 

1.25491 

[1. 42 1 61 

1.62641 

1.82645 

2.02188 

2.21282 

2.39942 
2.58179 
2.76005 

2.93432 
3.10472 

3.30703 

3.50266 

3.69198 

3.87528 

4.05285 

4.22945 

4.39185 

4-5537^ 
471095 
4.86358 

4^97797 
5.09091 

5.20236 

5-31231 

5.42074 



Valoes of i /. 
payable, &c. 

0436385 
025552^ 

0275826 

0297338 

0320130 

0344269 

6369827 

0396879 

0425503 
0455782 
0489527 
0525242 
0561 166 
0599124 
0639221 
0681567 
0726278 

0773475 
0823286 

0875844 
0931290 

09871 j6 
1045918 
1107846 

1173053 
1241705 

1313973 
1390035 

1470079 

1554303 
1642913 

1 740040 

1842335 
1950015 

2063363 

2182658 

F 



SamSi 

^1132118 
•236850J 
,2624032 
.2899858 
•3197196 

•3517326 

•3861595 
.4231422 

.4628301 

.5053804 

•5509586 

•5999113 

•6524355 
.7085521 

.7684645 

.8323866 

•9005433 
.9731711 

.0505186 

.1328472 

.2204316 

.3135606 

.4122722 

.5168640 

.6276486 

•7449539 
.8691244 

2.0005217 

2.1395252 
2.2865331 
2.4419634 
2.6062547 
2.7802587 
2.9644922 

3-^594937 
3.3658300 
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Age. 

24 

23 
22 

21 
20 

18 
'7 

»5 

14 

13 
12 

li 

10 

9 

8 

7 

6 

5 

4 

3 
2 

I 



Valoet of 
Lives. 



5.52765 
5-63303 

5-73^^ 
5.83922 

5.94004 

6.07007 

6.22701 

6.40904 

6.58389 

6.75190 

6.91339 
7.06868 

7.21805 

7.33100 

7.44042 

7.51606 

7.53046 

7.51879 
7.42642 

7.26414 

6.99078 

6.62953 

5.77754 
3.71908 



Values of i /. 
payable, &c. 

.2308196 
.2440284 
.2579246 
.2725436 
.2879162 
.3035028 
.3192710 
.3351862 
•3518634 

•369339' 

.3876497 
.4068341 

.4269330 

.4487846 

.4717013 

.4-965939 

•5245133 
.5548026 

.5895802 

.6292728 

.6764330 

.7318042 

.8177041 

1 .0000000 



Sums. 



I 



3.5840958 

3.8I49I54 

4.0589438 

4.3168684 

4.5894120 

4.8773282 

5.I8083IO 

5.5001020 

5.8352882 

6.I87I516 

6.5564907 
6.9441404 

7-3509745 

7-7779075 
8.2266921 

8-6983934 

9.1949873 

97*95006 

10.2743032 

10.8638834 

"•4931562 

12.1695892 

12.9013934 

13.7190975 



In the ftrfl of thefe columns is the age.— • 
In the fecond^ the value of a life at that age 
agreeable to the Northampton Table of Ob- 
fcrvations *, found by calculating upwards 
from the oldeft to the youngeft in the man- 
ner already diredted. That is (reckoning 



* See Table 3d, Appendix^ 



inte- 



Of Annuities pu Lives. 6f 

Lhtercft at 4. per cent.) 000000 =: ^ x -^ 

~ -« ^ \ ^ 1.04 

^--•-.480 769= 7 X ~ .711908 = 

; ^ li: >< ' + .480769 ---- 1.09737 = 
i X -i- X 1 + .711908, &c. &c. 

6 1.04 / 7 ' 

In the third column is the value of i A 
payable to a life aged one year (fuppofed 
the youngeft life to which the operations are 
to be carried) provided it (hould exift to 
the ages 92, 91, 90, 89, &c. — That is; 
^0000332 is the probability that a life aged 
one year ihall exift till 92 multiplied by 
the value of i /. payable at the end of 9 1 

years; or> .0000332= ^ x.02818.— — In 
tikcmanneri •000069=1^- x .02931 — -^ 

•0001436= ji- X .030481 *, &c. &c. 

In column 4th are the fums of all the va- 
lues in the third column ahove the values 
even with thofe fums ; or (which comes to 
the fame) the fums of the two numbers 
immediately above them, and even with 
one another in column 3d and column 4th. 

That is; .0000332= .0000332+ ^ooooooo 
••*•--. 0001022= .0000690 + .0000332 — - 

•0002458= .0001436+ .0001022, &Ci &Ci 
4( Sec Table I ft, Appendix* 

Fa la 
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In confequence of this arrangement it 
will be always found that the produft of 
every number in the fecond column mul- 
tiplied by the number even with it in the 
third column gives the number even with 
both in the fourth column ; and this forms 
a proof during the whole progrefs of the 
calculations^ that there has been no error id 
any of the preceding calculations ; and that 
the value of every life, as it comes out, 
may be depttided on to as many places of 
decimals, as the decimal figures in the pro- 
dudl juft mentioned are the fame with the 
decimal figures in the correfpondent numbcx* 
in column 4th.— For example. ^*^97ZT7 
(the value of a life aged 89) multiplied b^ 
the number even with it in the next co- 
lumn, or by .000224, gives .0002455 > 
which being the fame to the laft place of 
decimals with .0002458 in the fourth co -- 
lumft, proves that all the preceding opera— 
tions have been right, and that the values o^ 
the life aged 89 and of all the lives froirrt 
the oldeft to 89 may be depended on to th»-^ 
fix places of decimals. 

This proof makes a little more labomJii^ 
neceffary in calculating the values of live^ ^ 
but this addition of labour is more th^^^ 
tompenf^ed by the time and trouble tb.^* 
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muft be faved in confequence of detecting 
every error as it arifes ; and alfo by the fa- 
tisfadtion attending a icries of operations, 
every one of which, if right, proves the 
truth of all that have gone before it. — The 
following expedient will, however, remove 
one half of the labour. — In order to find the 
Qumbers in the third column one multipli* 
ication is neceflary and one divifion. — All 
the time employed in the latter may be 
iaved by making the number 1000 the di- 
vifor inftead of the number oppofite, in the 
Table of Obfervations, to the youngeft age. 
For example. In all the operations which 
bring out the numbers in column 3d, 849 
is the divifor j but it might have been taken 
to be 1000 ; and then the firft number in 
that column^ inftead of .0060332, would 

have. been .00002818= -^ X. 02818. The 

1000 

fecond number, inflead of .0000690 would 
have been •00005862=— X -02931. The 
third inftead of .0001436 would have been 
•00012192= -^ X .030481, &c. Sec. 



And the correfpondent fums in the fourth 

column would have been .0000000 

•00002818 .00008680 .00020872 

&c. &c. — The Table then would have 

l>ccn as follows. 

F 3 Second 
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Seconp Table of the Values of Singy 

Lives. 



Age. 

9' 
90 

89 

88 

87 
86 

85 
, 84 

83 
82 

81 

80 

19 
78 

77 
76 

75 
74 

72 

71 
70 

69 

68 

67 
66 

65 
64 

63 
6? 



Valaet of 
Lives. 

00000000 
.480769 
.711908 

1-097377 
I.512531 

I.93271 

2.16983 

2-33075 
2.^9261 

2.79011 

2^96102 

3.12506 

3.36282 

3.64096 

3.94186 

4.25533 
4.51419 

4.79106 
5.07880 

5-66943 
5.96681 

6.26315 

6^5573^ 
6.84841 

7-^3585 
7.41916 

7.69802 

7.97220 

8.24154 

8t50594 



Values of I /. 
payable, &c. 

.00002818 
.00005862 
•OOO12192 
.00019020 
.00026376 
0003428 
0004635 
0006304 
0008099 
0010429 
0013349 

OQ16920 
0020755 
0024870 
0029281 
0034005 
0039588 
0045563 

0051953 
PO58781 

0006072 

0073852 

OQ82149 

0090992 

OIOO411 

O1IP438 

0121 106 

0132451 

0144509 

O157321 

01 70926 



Sums. 

.00000000 
.00002818 
.00008680 
.0002087 
.0003989 
.0006626 
.0010054 
.0014689 
•QO20993 
•0029092 
.0039521 
.0052870 
.0069790 
.0090545 
.0115415 

.0144696 
.0178701 
.0218289 
.Q263852 
•0315805 
.0374586 

.0440658 
.0514510 
.0596659 
.0687651 
.0788062 
.0898500 
.1019606 
.11520571 

.1296566/ 

.14538871 



1 



Oj 


P Annuities on 


Lives. ; 


lAge- 


Valaes of 


Values of i/. 


Sums. 


Lives. 


payable, &c. 




6i 


876533 


•0185368 


•1624813 


60 


9.01970 


•0200692 


.1810181 


59 


9.26904 


.02 1 6945 


•2010873 


58 


9-51338 


.0234177 


.2227818 


57 


975275 


.0252440 


.2461995 


56 


9.98721 


•027 1 79 1 


.2714435 


55 


10.21681 


•0292285 


•2986226 


54 


10.4+163 


•0313983 


.3278511 


53 


10.66175 


.0336951 


•3592494 


52 


10.87724 


•03.61253 


-3929445 


5» 


II.08819 


.0386960 


.4290698 


50 


11.25491 


.0415609 


•4677658 


49 


II.42161 


•044593' 


.5093267 


48 


II. 62641 


.0476430 


•5539'98 


47 


11.82645 


.0508657 


.6015628 


46 


12.02188 


.0542699 


•6524285 


45 


12.21282 


.0578650 


.7066984 


44 


12.39942 


.0616610 


•7645634 


43 


12.5817; 


.0656681 


.5262244 


42 


12.76005 


.0698970 


.5918925 


41 


12.93432 


•074359' 


.9617895 


40 


13.10472 


.0790665 


1.0361486 


39 


n^i^l^l 


-0838062 


I.I 152151 


38 


13.50266 


•0887985 


1.1990213 


37^ 


13.69198 


•0940560 


1. 2878198 


36 


13-87528 


.0995923 


1.3S18758 


35 


14.05285 


.1054208 


1.48 1468 1 


34 


14.22494 


•III5563 


1.5868889 


33 


H-39^85 


.1180139 


1.6984452 


32 


H-55378 


.1248097 


1.8164591 


31 


14.71095 


.1319604 


1.9412688 


30 


14.86358 


•1394834 


2.0732292 


29 


^4-97797 


•^477305 


2.2127126 


28 


15.09091 


.1564143 


2.3604431 


27 

1 


15.20236 


•1655564 
F4 


; 2.5168574 



7« 



jAg 



e. 



26 

24 
23 

21 

20 

18 

'7 
16 

15 

»3 
12 

II 

10 

9 
8 

7 

4 

3 
2 

I 



Values of 
Lives, 



5.42074 

5-52765 

5-63303 
57:)689 

5.83912 

5.94004 

6.07007 

6.22701. 

6.40904 

6.58389 

6.75190 

^'9^i39 
7,06868 

7.21805 

7.33100 

7.44042 

7.51606 

7.53046 

7.51879 

7.42642 

7.26414 

6.99078 

6.62953 

5'77754- 
1.64748 



Viloes 6f I /. 
pAyablt, &c.' 

•1853^77 
•1959658 
•2071801 

.2189780 
.2^13882 

.^444409 

•2576738 
.2710611 

.2845731 
.2987323 

•3135689 

.3291146 

.3454022 

.3624662 

.3810182 

.4004744 

.4216082 

•4453*^8 

.4710274 

•5005436 
•5342526 
.5742916 
.6213018 
,6942307 

[,OOOOGOO| 



Sams* 

2.6824138 

^•8575933 
3.O429010 

3.2388668 

3.4460469 

3.66150149 

3.8954i5i 

4.1408560 

4.3985198 

4,.66959og 

4. 9 54 1640 

5.2528963 

5.5664652 

5-^5579^ 
6.^409820 

6.6034482 

6.9844664 

7-384$4o8| 

7.8065490 

8.2518608 

8.72288^2 

9.1234318 

97576844 
10,3319760 

10.9532778 
11,64750851 



In this way the fame proof of all the 
operations is obtained; nor has any errdr 
arifen except in the value of the life laft cal^ 
culated, which is very eafily corrected by 
taking the number of the living at the age 
pf this life agreeable tp the Table of Obfer.. 
5 vjtions. 
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7dtiwisf, iiiftiact of luppofibg it icoo : that 
s, by making the value of the life dged one 

£s ^ -ife: X I + 1577754. 

The ufe of logarithms would further ex- 
cdite the calculations ; and by thefe means 
flcilful perfon may, in three or four hours^ 
alculate the values of fmgle lives at all 
ges^ agreeably to any given table of obfer- 
ations, without the poffibility of commit** 
ing any miftakes *• 

Having faid fo much on the values of 
.nnuities on Single Lives, the method of 
ndmg the values of Annuities on the Jomf 
ntinmnce of any fingle lives will be eaiSly 

id^rftood. Call the value of any two 

int lives M, the probability that two lives 

le year younger will exift a year ^ and - ^ 

before, the value of i /• payable at the 
id of the year. Then by reafoning as in 
ige 57 , the value of the joint continuance 

* two lives one year younger will be ex-» 

•cflcd by ^ X I -f M — ^.This, together 
ith the neceflary proof of the operationsj 

* The two following Tables have been computed iq 

i$ inanner, 

will 
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will be fufficicntly explained by the follow- 
ing ipecimens. 

Specimen of t&e eajeji Method of computing — ^ 
the Value of any two foint Lhes. 

Let the two lives be equal ; the rate o^H 
intereft 4 per cent, or r= 1.04; and th tr~ -■ 
table of obfervations the Northampton "■% ble- , 
given in the Appendix. 



Agei. 


Valon of 




mo cqo.L 




joint lives. 


92 


gi 


.000000 


9" 


91 


■240383 


90 


QO 


.298169 


89 


89 


•55477 


8S 


88 


.84092 


87 


87 


1. 13287 


86 


86 


1.21351 


85 


85 


1.24462 


84 


84 


'■4'43 


83 


83 


1.5144 


82 


82 


1.5998 


81 


8 


1.6868 


80 


80 


1.8570 


79 


79 


2.0694 


78 


78 


2.2976 


77 


77 


2.5427 


76 


76 


2.7182 


75 


75 


2.9192 


74 


7+ 


3.1364 


73 


73 


3-3605 


72 


72 


3'5893 



,00000002818 
,00000011723 
00000048768 
,000001 14120 
00000211008 
.0000034280 
.0000060255 
.0000107168 
.0000170079 
.0000271154 
.0000427168 
.0000659880 
.0000954730 
.0001318110 
.0001756860 
.0002278335 
.0002970 1 00 
.0003781629 
.0004727723 
.0005819219 
.0007069704 . 



.oooooooooc:^ 
.000000028 iE=^ 
.oooQoo 1 454 ^^ 
.0000006330^3 
.00000177421^3 
.0000038843^^ 
.0000073 1 2 j-^y 
.0000133378 -^ 
.0000240546""^ 
.000041062 _^ 
.000068177-^, 
.000110894-"^ 
.000176882 -^ 
.000272355- 7 
.00040416^ 7 
.000579852. 7 
.00080768^2 
.00110469^3 
.00148285^ I 
.00195563x4 
.0025375535 
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1 Ages. 


Valoet of 


I 


two equal 




joint live*. 


71 


7« 


3.8203 


70 


70 


4.0516 


69 


69 


4.2821 


68 


68 


4.51 H 


67 


67 


4-7381 


66 


66 


4.9626 


65 


65 


5-»843 


64 


64 


5403 1 


63 


63 


5.6188 


62 


6? 


58313 


61 


61 


6.0407 


60 


60 


6.2468 


59 


59 


6.4497 


58 


58 


6.6494 


57 


57 


6.8459 


56 


56 


7.0392 


55 


55 


7.2294 


54 


54 


7.4165 


53 


53 


7.6006 


52 


52 


7.7818 


51 


51 


7-9599 


50 


50 


8.0779 


49 


49 


8.2008 


48 


48 


8.3829 


47 


47 


8.5608 


46 


46 


8-7350 


45 


45 


8.9054 


44 


44 


90723 


43 


43 


9.2358 


42 


42 


9.3960 


4* 


4' 


9-5532 


40 


40 


9.7065 


39 


39 


9.9110 


38 


38 


10.1073 


37 


37 


10.^962 



Values of i /. 
payable, &c. 

.0008492980 

.0010104327 

.0011919952 

.0013957129 

.0016234386 

•OO1877143 

.002158951 

.002472104 

.002816055 

.003196316 

.003614776 

,004074048 

.004577540 
.005128476 

.005730388 

.006387088 

.007102526 

.007880973 

.008727031 

.009645455 

.01064140 

.01180330 

.01306578 

•0^34054 

.01571750 

•01720355 
.01880613 
.02053311 
.02239282 
.02439405 
.02654620 
.02885927 

•0311759* 

•03365463 
.03630562 



Sums. 



.0032445237 
.0040938217 
.0051042544 
.0062962496 
.0076919625 
.0093 1 540 II 
011192544 

OI335H95 

015823599 
018639654 

021835970 
025450746 
029524794 
034102334 
039230810 
04496U98 
051348266 
038450812 
066331785 
075058816 
084704271 

•095J4567 
.10714897 
.12021475 

•13455529 
.15027279 
.16747634 
.18628247 
.20681558 
.22920840 
.25360245 
.28014865 
.30900792 
.34018383 

^37383849! 
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Ages. 



is 

33 
32 

3» 

30 

28 
27 
26 

25 

»4 

23 
22 

21 

20 

19 

18 

17 
16 

»5 
»4 

»3 
12 

II 

10 

9 

8 

7 
6 

5 

4 

3 
2 

I 



36 

35 

34 

iZ 

32 

3» 

30 

29 
28 

27 

26 

25 
24 

23 
2^ 

21 

20 

9 
8 

7 
6 

5 
4 

3 
2 

I 

o 

9 
8 

7 
6 

5 

4 

3 
2 

I 



Valuet of 
two equal 
joint lives. 

0.4782 
0.6538 
0.8240 
0.9880 
1.146^ 
1.3007 
1.4500 
r.5422 
I.635I 
1.7292 
1.8242 
1.919! 
2.0139 

2.1089 
2.2038 

2.2985 
2.3928 

2.5346 
2.7201 
2.9461 
3.1616 

33673 
3-5638 
37516 

3-931 » 

4-053° 
4. 1 709 

4-2356 
4.2031 

4.1320 

39355 

3-^35^ 
3.1723 

2.5931 
1.3227 

6.iy65* 



Values of t /. 
payable, &c. 

•039^397% 
.04216832 

.04540341 

.04885776 

.05254488 

.05647905 

.06067528 

.06544461 

.07054285 

•07599039 
.08180883 

.08802116 

.09465148 

.10107254 
1092 7IDO 

I173138 

1258871 

1345057 
143 1203 

1516775 
1607180 

1702679 
1803548 
1910074 
2022562 
2148943 
2282704 
2432679 
2609527 
2807323 
30483 1 1 

3399079 
3709924 

4175148 

5012346 

0000000 



Sonu. 



.41014411 
.44928388 
.49145220 
•53685561 

•5^57^337 
•63825825 

•69473730 
•75541258 

.82085719 

.89140004 

•96739043 
1.04919926 

1.13722042 
1.23187190 

1-3335973 
1.4428673 

1.5601811 

1.6860682 

1.8205739 

1.9636942 

2.1153717 

2.2760897 

2.4463576 
2.6267124 
2.8177198 
3.0199760 
3.2348703 
3.4631407 
3.7064086 
3.9673613 
4.2480936 
4.5529247 
4.8868326 
5.2578250 

.5.6753398 
6.1765744 



♦ The triu valBC of thefc two joint lives ii io.s43«« 
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In the third column the values are ° x 
-i- = 0000000 -----i. xi y -i- * V 

1 + O = .240383 i X 2 X _L X 

, ■♦ 4 1.04 " 

I + .240383 = .298169 fx|x 

^x n-.298i69 = . 554772 |x| 

X ^ X I + .554772 = .84092 ---and fo 
en. 

In the fourth column the firft value is 
the probability that two lives aged one year 
will hti exift to the age of 92 multiplied 
by the value of i /. payable at the end of 
91 years; or (taking 1000 for the number 

living at one year of age) —^ x -^ v 

O / O / 1000 1000 ^ 

.028 1 82 -f- = .000000028 182. The 

fecond value is -^ X -^ X .020 -200 rz 

lOCO ICOO ^ •J ^ 

»ooooooi 1723 ; or -^ multiplied by 

CO005862 (the fecond number in the third 
rolumn of the fecond Table of the values 
^i Jingle lives, page, 70,) Alfo the third 
'alueis-i- multiplied by .00012192, the 



* Had 1 X — '-> - X -^. 7 X — » &c. bc^n 

2 ^ 1.04 4 '^ 1.04 6 '^ 1.04 

rrcfervcd from the computation of finglc lives in page 70, 
further faving of labour, perhaps, might have been 
produced. 
'\ See Table ift, Appendix. 

third 
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third number in the third column of the 

fame Table. The fourth value is .^-i- mul- 

1000 ****** 

tiplied by .0001902, the fourth number in 

the third column of the fame table ; and fo 

on. 

In the fifth column are the fums re-* 

Ipeftively of •000000028 18 and 0000000 j, 

of •ooooooi 1723 and .00000002818, &c. 

— ^And the equality of the products of the 

values even with one another in columns 

third and fourth to the numbers in the fame 

line in the fifth column forms the fame proof 

of the accuracy of the operations with that 

already explained in giving an account of 

the method of computing the values of 

Single Lives. 

Second Specimen. 

Let the two lives be unequal, the diffe- 
rence of age 60 years, and the rate of in* 
tereft and table of obfervations the fame. 



Ages. • 


Values of 


Values of i /. 


Sums« 




two joint 


payable, &c. 






Lives. 






92 


32 


.0000000 


.00012481 


00000000 


91 


3^ 


•472906 


.00026392 


.00012481 


so 


30 


.69673 


•00055793 


.00038873 


89 


29 


1.0680 


.00088638 


•00094666 


88 


28 


1 .4649 


.00125131 


.00183304 


87 


27 1-86301.001655561 


.00308435 


86 


261 


2.0813 1 


.00227733 1 


.00473991 
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Agcs. 


VJat. of 




two joint 




Live.. 


85 


25 


2.2275 


84 


24 


2.4706 


83 


23 


2.6515 


82 


22 


2.8070 


81 


21 


2.9561 


80 


20 


3-'750 


19 


'9 


3-4375 


7« 


i« 


3.7262 


77 


>7 


40315 


7" 


lb 


4.2818 


75 


'5 


4.5469 


74 


14 


4.8203 


73 


'3 


5.0977 


72 


12 


5.3762 


71 


It 


5-6437 


70 


10 


5.909S 


69 


9 


6.1626 


68 


8 


6.3911 


67 


7 


6.6073 


66 


6 


6.7891 


6S 


5 


6.9396 


64 


4 


70405 


63 


3 


7.1000 


62 


2 


6.9390 


61 


I 


1.0306* 



Values of i/. 
payable, &c. 



.00315023 
.0041152!^ 
•00538668 
.00700730 
.00902414 
.01124428 
.01365671 
.01626367 
.01906640 
.02240492 
.02602622 
.02994943 
.03419482 
.03878388 
.04381709 
.04925835 
.05523067 
.06189834 
.06924103 
.07758426 
.OS708317 
.09820386 
.11121302 
.I2982IJ4 
l.OOOOQOOO 



.00701724 
.01016747 
.01428275 
.01966943 

.02067073 

.03570087 
.04694515 

.06000186 

.07686553 
.09593193 
.11833685 
.14436307 
.17431250 

.20850732 
.24729120 
.29110829 

.34036664 
•39559731 
•45749565 
.52673668 
.60432094 
.69140411 

.78960797 

.90082099 
1.03064213 



j-x^i ; .472906= Hi-x r X n? 

* +0 —-,69673 = ^ X jx ;^ 



• The trtu value of thefe two joint lives is 6.^54. 
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I +.472906--- 1.068= jg- X J X ^x 

I + .69673, and fo on. 

In the fourth column *ooo 12481 :=^ 12481 
>^T^ ^00026392 = .13 1 9604 X ji^ 

.00055793= a 394834 X j^^ ^nd 

fo on- 

In computing this fourth column^ the 
number of the living at each of the youngcft 
figes to which the values are to be found 
(that isy at the ages i and 61) are fuppoTed 
to be 1 000 i and it appears in both thefc 
examples that half the trouble of comput-> 
ing the numbers in this column is faved by 
having previoufly computed the Table (in 
page 70) of the values of finglc lives, and- 
finding there the numbers .1 2481— .1319604-^ 
— .1394834 oppoiite to the ages 32, 31*— 
30, &c. in the fecond fpecimen, and the? 
numbers .00002818, ^00005862, .000 1^2192 
oppofite to the ages 92, 91, 90, &;c. in the 
firft fpecimcn. The proof in all thcfc c^p- 
amples is the fame* 

The calculation of the values of joint 
lives in exadt agreement to a given table of* 
obfervations has been confidered as a tafk 
fo great that it has been feldom undertaken-^ 
—We have therefore hitherto been obliged 

to 
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to fatisfy ourfelves (as I have before ob* 
fcrved, page 50) with the values of joint 
lives calculated by an eafy rule given in 
the next chapter. Problem 3d, founded on. 
Mr. De Moivres hypothefis of an equal 
decrement of human life through all its 
ilages I but this hypothefis not correfpond- 
ing fufficiently to fadt, the values of joint 
lives derived from it are not fufficiently 
corrcdl 5 and when combined (as they rauft 
be in computing the values of Reverfiona 
and of Annuities dependent on Survivorfhips) 
with other inaccuracies derived from the 
fame hypothefis, produce errors in the folu- 
tioti of many queftions which are too con- 
fiderable. — The excellent Mr. Simp/on has 
indeed given a Table of the values of two 
joint lives agreeable to the London Table 
of Obfervations i but this table of obferva- 
tions ought not to be much ufed, becaufe, 
reprefenting the rate of mortality among 
the inhabitants of London taken in the grofs, 
it gives the values of lives much too low for 
the middling and the better fort of people 
in London itfelf. — It is neceflary I fhould 
add, that Mr. Simp/on^ Tables of the values 
of lives in London give them only to one 
place of decimals, whereas it is in many 
cafes abfolutely neceflary that they fhould 

G be 
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be given to at leaft two or three places of 
decimals. — I have, therefore, in the preced- 
ing pages been more minute than I fliould 
ptherwife have been in defcribing the fafeft 
and moil expeditious methods of calculat-^ 
ing fuch values. 

And, as by thefe methods the calcula- 
tions are rendered pleafant as well as expe- 
ditious, I hope that ere long fome perfon 
will undertake them, chufing for his guide - 
the Northampton Table of Obfervations, 

which perhaps is better fitted for common 

ufe than any other. 



CHAP. 



[ h 1 



CHAP. III. 

4n Account of the Method of Com^ 
puting in all Cafes the Values of 
AJfurances^ and of Reverjions de-^ 
pending on any one^ two^ or three 
LiveSy or any Survivorjhips between 
them. 



INTRODUCTION. 

[N the two preceding chapters I have en- 
deavoured to explain the principles from 
(^hich the values of Aflurances and Annui- 
ies are deduced, without entering into the 
olution of any cafes in particular, but re- 
srring occafionally to the writings of thofe 
lathematicians where they may be found 
a their greateft accuracy. — The Problems 
a this chapter are conned:ed no further 
ban any other Problems with the obferva- 
ions in the preceding chapters; all of them 
leing determined from the fame common 
Principles. 

G 2 The 
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The eighteenth of the following Prob- 
lems is the fame with the 38th in Mr. Simp" 
Jens Seledt Exercifes ; and from the folu- 
tion of this Problem, the anfwers to the 
19th, 2oth, 2ift, 22d, 24th, 25th, and 26th 
are partly derived. 

The 23d, 27th, 28th, and all the fub- 
fequent Problems for determining the va- 
lues of Reverfions depending on Survivor- 
fhips between three lives for their whole 
duration and for terms, are no ways deduced 
from the folution of Mr. Simffons Problem. 
Thefe, together with the Problems juft 
mentioned, comprehend, as far as I can 
perceive, all the different cafes of queflions 
in which any Survivorfhip between three 
lives can be involved, 

The 4th, 5th, 6th, 7th, 8th, 9th, 14th, 
and 15th Problems (the 4th, 8th, and 9th 
taken from Dr. Price, and the reft from 
Mr, SimpfonJ have been chiefly infer ted as 
neceflary to the folution of thofe that fol- 
low : And, in order to render the work 
more complete, I have added Corollaries to 
fomc of thefe Problems of Dr. Price and 
Mr. Simpfofiy from the folutions of which 
and their reipedive Problems, the values of 
moft AlTurances rtiay be determined wherein 
on^ or two lives are concerned. 

The 
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The loth, 1 2th, 14th, and 15th Prob- 
Jems contain the folutions of cafes which 
liave lately offered themfelves in pradlice, 
and, therefore, are not improperly intro- 
duced here. — In lliort, the greateft part of 
this chapter is new. Moft of the Problems 
liave never been folved before, efpecially 
thofe which determine the values of Rever- 
sions, depending on Survivorfliips betweca 
three lives, for terms. — Mr. Dodfon in hii 
Mathematical Repofitory has, indeed, given 
the folutions of fome of them for the whole 
duration of life and in one prefent payment; 
but thefe folutions are rendered in a great 
meafure ufelefs, not only as they are given 
in algebraical fymbols^ which difcourage the 
generality of readers who are not acquainted 
Avith the mathematics, but alfo as they are 
derived frpm an hypothefis which produces 
^ery confiderable errors when more than two 
lives are involved in the furvivorfhip. I have 
therefore, endeavoured to give thofe folu- 
tions, fo as to be adapted to any rate of 
mortality ; and, to the Rules for determin- 
ing the values in Jingle payments, I have 
alfo added other Rules for determining the 
fame values in annual payments. 

With regard to the demonftrations of the 
following Problems 5 it is evident, that all 

G 3 thofe 
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thofe which derive their folutions from Dr. 
Prices and Mr. Simp/on s Problems require 

no explanation. Such, however, as are 

not conneded with any of the fore-men- 
tioned Problems, and whofe folutions are 
confequently not fo obvious, I hav,e demon- 
ftrated in the appendix i thinking it beft, 
in order to avoid deterring readers who are 
not mathematicians, to exclude all analytical 
operations from the body of the work. 

The Tables in the Appendix have been 
inferted merely for the fake of illuftrating 
the Problems by examples. — On this ac- 
count they are confined to one rate of in- 
tereft; but if the calculations are required 
at a higher or lower rate, other Tables will 
be found in moft books on the fubjedt ; and 
the application of them being underftood in 
one cafe, will eafily be underftood in every 
other. 

In the* foregoing chapter I have given an 
account of the moft expeditious and eafy 
method of computing tables of the values 
of fingle and joint lives in exadl agreement 
to the decrements of life or rate of morta- 
lity in any particular place. The labour of 
computing fuch tables has" been hitherto 
reckoned fo great, that (except by Mr, 
Simpfon for London J it has never been under- 
taken. 
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taken. — Having then no fuch tables, except 
for the very worft lives and carried only to 
one place of decimals, 1 have been the more 
defirous, in order a Ijttle to fupply this de- 
fedl, to compute thofe in the preceding fec- 
tion. — But thefe computations having been 
meant chiefly as fpecimens^ and confined to 
one rate of intcreft and to the Northampton 
Table of Obfervations, it becomes neceflary, 
in order to prepare the vfzy for w^hat is to 
follow in this chapter, to explain an eafy 
method of approximating to the value of afiy 
life or lives according to any given rate of 
mortality. With this view I {hall intro- 
duce the three firft Problems, whofe folu- 
tions afford the beft and the only means, I 
am acquainted with, for fupplying the want 
of the real values with any tolerable exa(St- 
nefs. 



PROBLEM I. 

To find the expeSlation of any given life 
according to any given Table of the decre- 
ments of life. 



G 4 S O L U- 



88 Of the Values op 

SOLUTION. 

Find the fum of all the living in the 
Table from the age of the given life, pi- 
vide this fum by the number of the living 
at that age ; and the quotient leflened by 
half unity will be the required expefta-^ 
tion, , 

EXAMPLE. 

The fum of all the living from the age 
of ten in the ]>jQrthampton Table of Obfer-^ 
vations (fee Appendix, Table 3d) is 2281 1, 
This fum divided by 570, the number liv- 
ing at the age of ten, gives 40.02, vsrhich 
leflened by half "UmXy gives 39.52, or the 
pjcpeftation of a life of the age of ten ac- 
cording to the Northampton Table of Obfer- 
vations. 

The expeSiation of a life is the fame with 
its value fuppofing money not to bear inte-» 
reft; and in I>e Moivres hypothefis^ it is 
always half the difference between the age of 
a life and 86. 

The expeSiation of a life at a given age, 
is alfq the fame with the time or number of 
years which one with another a body of 
people at that age will live according to a 

given 
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given table of obfervations, fome living zs 
much longer as others live lefs than that 
time, 

PROBLEM II. 

To approximate to the value of a given 
life according to any given table of obfer- 
vations. 

SOLUTION. 

Find in Table 2d the value of an An- 
nuity certain for a number of years equal to 
the complement y that is, to double the expec-- 
tation of the life. Multiply this value by 
the perpetuity increafed by unity, and di^ 
vide the produdl by the complement. — The 
quotient fubtra6led from the perpetuity will 
be the value. 

EXAMPLE. 

The expedation of a life aged ten, by 
Table 4th, is 39.52. Double this expec- 
tation, or the complement of the life, is 79.04. 
-— — The value of an Annuity certain for 
^9.04 years is (by Table 2d) 23.874. The 
^rodud: of 23.874 into 26 (or the perpe- 
:uity increafed by unity) is 620.724; which 

divided 
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divided by 79.04 (the complement) gives 
7.85. And this quotient fubtrafted from 
25 (the perpetuity) gives 17.15 years pur- 
chafe, the value fiearly of a life aged ten ac- 
cording to the Northampton Table of Obfer- 

vations. The fame value as calculated 

in exadt agreement to the Northampton 
Table is (by Table, page 64) 17.44. 

The value found by the fame rule of a 
life aged ten according to the London Table 
of Obfervations * is 16.27 years purchafe; 
and this value as given by Mr, Simp/on in 
, exadl agreement to the London Table is 
16.4. 

The value found by the rule of a life 
aged twenty, according to the Northampton 
Table of Obfervations, is 15.93 y^^^s pur- 
chafe ; and of a life aged thirty, 14.79. — 
Thefe values calculated in exaSl agreement 
to the Northampton Table are (by the Table, 
page 64) 15.94 and 14.86. 

SCHOLIUM. 

. This rule gives the values of lives on the 
hypothefis of an equal decreafe in the pro- 
babilities of living ; and it is by a rule, 

♦ ^See Slmpfon's Scleft Exercifcs, Table 2d and 5th, 
page 255 and page 260. 

which 
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which agrees with this, that Mr. De Moivre 
has calculated the table commonly ufed of 
the values of lives according to his hypotheji^. 
— By this table the approximation required 
by the foregoing Problem may be found 
more compendioufly in the following man- 
ner. ** Take the difference between the 
complement of the life and 86; and the 
value deduced from Mr. De Moivre s 
Table correfponding to that difference, 
provided it is not lefs than ten, will be 
the value of the life." 
Thus j the complement ofa life aged 15 
being 73 by the Northampton Table *, the 
difference between it and 86 is 13, and the 
value correfponding to 13 in Mr. De Moi- 
vre s T^able of the values of lives -f*, is 16.60 
reckoning intereft at 4 per cent.^ and this is 
nearly the value of a life aged 15 by the 
Northampton Table 






PROBLEM III. 

To approximate to the value of two joint 
lives, according to any given table of ob- 
fervations. 

* See Table 4th, Appendix, 
f See Table 5th, Appendix. 
X See Table, page 64. 

s o L u- 
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S O L U T I O N, 

Find the complements of the two lives, 
according to the table, by Problem ift,— 
Find the difference between the complement 
of the youngeji life and the complement of 
the oldeji life increafed by unity and twice 
the perpetuity. Multiply this difference by 
the value of an Annuity certain for a time 
equal to the complement of the oldeji life, 
. and by this complement divide the produdl, 
referving the quotient. 

From twice the perpetuity fubtrad the 
referved quotient, and multiply the remain- 
der by the perpetuity increafed by unity *• 
This laft produdt divided by the comple- 
ment of the youngeji life, and then fub- 
trafted from the perpetuity, will be the re- 
quired value -^^ 

♦ N. B, When the complement of the youngeft 
life is greater than the complement of the oldeft life 
increafed by unity artd twice the perpetuity, the referved 
quotient, inflcad of being fuhtraSled from twice the per- 
petuity, muft be added to it, and the fum^ not the diffe-- 
rencey multiplied by the perpetuity increafed by unity. 
—If they are equals the value of the joint lives will be 
*' the perpetuity diminifhed by twice the quotient aridng 
♦' from dividing the perpetuity with its fquare added, by 
♦* the common complement of the lives." 

f This rule \% the fame with that given by Dr. Price^ 
Vrom Mr. Simpfouy in his Treatife on ReverConary Pay- 
ments, page 30Q, 3d edition, 

EXAM' 
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EXAMPLE. 

Let the joint lives propofed be 10 and 
1 5 } and let the table of obfervations be 
Mr. Simp/on z for Londoiij and the rate of 
intereft /^percent. — The complements of the 
two lives are 69.6 and 63.8 (fee Mr. Simp-- 
fons Seled: Exercifes, Table 2d, page 255.) 
The complement of the oldeft life, increafed 
by unity and twice the perpetuity, is 1 14.8, 
which lefTened by 69.6 (the complement of 
ih^ youngfjl life) leaves 45.2 for the referred 
remainder. — This remainder multiplied by 
22.95 (^^^ value of an Annuity certain for 
63.8 years by Table 2d, Appendix,) and 
the produd: divided by 63.8 (the comple- 
ment of the oldeji life) gives 16.26, the 
quotient to be referved ; which fubtracSed 
from double the perpetuity, and the re- 
mainder (or 33.74) multiplied by the per- 
petuity increafed by unity (or by 26) gives 
877.24, which divided by 69.6 (the com-^ 
plement of the youngeji life) and the quo- 
tient fubtra(3:ed from the perpetuity, we have 
12.40 for the value nearly of two joint lives 

aged 10 and 15 in London. The exacft 

value (by Mr. Simpfons Table, Seledl Ex- 
ercifes, page 260) is 12.7. 

The 
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The value found in the fame way of two 
joint lives both 30, according to the decre- 
ments of life at Northampton, is 11.28; 
of two lives both 35 is 10,58. The exadt 
values by the Table, page 74, are, 1 1 .45 
in the former cafe, and 10.65 in the latter. 
—-If the ages are 30 and 40 the value of the 
joint lives (by this rule and the Northamp^ 
ton Table of Obfervations) will be io.44< 
-. — If the ages are 46 and 56 the value will 
be 7.86. 

What is faid in the Scholium to the laft 
Problem muft be applied to this. — And it 
fliould be remembered further, that thefc 
approximations are to be ufed only when 
the decrements of life in a place are, given, 
but no recourfe can be had to any tables giv- 
ing the values of lives agreeably to thofe 
decrements. This, as I have before ob- 
ferved, is at prefent almoft univerfally the 
cafe; and the approximations now explained 
are, as far as I know, the only means that 
can be ufed to fupply the defedt. Some- 
times they deviate too much from exadtnefs; 
but feldom more than in the examples I 
have given. 
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PROBLEM IV, 

To determine the value of an Annuity on 
a given life for any number of years. 

SOLUTION. 

Find the value of a life as many years 
older than the given life as are equal to the 
terra for v^hich the Annuity is propofed^ 
Multiply this value by i /. payable at the 
end of this term, and alfo by the proba- 
bility* that the life will continue fo long. 

Sub- 

♦ The probability that a given life fliall continue any 
nuniber of years or attain to a given age, is the fraction, 
whofe numerator is the number of the living in any table 
of obfervations oppofite to the given age, and denominator 
the number oppofite to the prefent age of the given life. 
Thus ; 203 is the number, in Table 3d, Appendix, op- 
pofite to 60, and 435 the number oppofite to 30 

222 is, therefore, the probability that a perfon, whofc 
435 ^ 

age is 30, fliall attain to 60, or live 30 years. 

In the fame manner the probability that any two lives 
Jhall continue in being together any number of years, or 
^oth attain to given ages^ is the fra6tion, whofe numerator 
is the produdt arifing froai che r.unibi-rs of living, in the 
Table of ObfervaHons oppodc to both iho^c given ageSy 
niultiplied by one another, and denominator^ the produft 
afifing from the numbers oppofite to the prefent ages mul- 
tiplied into each other.— Hence the probability that two 
5 lives 



g6 Of the Values o? 

Subtra<ft the produdt from the prefent valutf 
of the given life, and the remainder multi- 
plied by the Annuity will be the anfwer. 

lives aged 20 and 25 fliall both continue in being la 

years is (by Table 3d) equal to lliiii22 = IH^ ^ 

J ^ -^ o > n 515x475 244625 

Again : The probability that a life {ball fail in any 
number of years, or not attain to a given age^ is the frac- 
tion, cxprefling the chance of his living (a long, fub- 
tradled from unity, agreeable to what has been obferved 
in page 52 : In other words ; it is the fraftion whofe 
denominator is the number of the living oppofite to the 
prefent age^ and whofe numerator is the difference between 
this denominator and the number of living at tht given ag/t. 

Thus ; — is the probability that a life of 30 fhall attain 
to 60—- ^—^ therefore, will be the probability that 

435 

he {hall not attain to this age. — For the fame reafon Hi 

^ 515 

and 4^ being the probabilities that two lives aged 20 

and 25 {hall feverally exiji 10 years ; — multiplied into 
2L (= ±21^] will be the probability that they {hall 

475 \ 244625/ r y / 

loth die in 10 years,— And this fraftion again being fub- 

tradled from unity will give ili^ for the probability 

° 244625 '^ ' 

that they {hall not both die in this time ; that is, that one 
of them at leaft {hall live 10 years. 

Further 121221 is the probability that the lives of 

244625 *^ ' 

20 and 25 {hall exift together 10 years, which being fub- 
traded from unity, or the numerator fubtraSed from the 

denominator^ we {hall have -22-ii for the probability that 

244625 • ' 

they {hall not both live fo long ; that is, that one of them 
at leaft {hall die in this time. ' 

5 EXAM- 



EXAMPLE. 

Let the Annuity be i o A The age of the 
given life 30 years, and the term propofe4 
15 years. — ^The value of a life aged 45 (or 
-15» years older than the given life) appears, 
by the Table in page 64 to be iz.ztzS^ 
The value of i /. payable at the end of 15 
years (by Table ift. Appendix) is .55531 
and the probability that the life will exift fo 

long (by Table 3d) ^. Thefe three 

quantities multiplied into each other are 
equal to 5.0668, which being fubtradled 
from 14.8635, (the prefent value of the 
given life by the Table in page 64) we have 
9.7967, and this remainder multiplied again 
into 10, gives 97.967/. for the value re- 
quired. 

Corollary First. 

Id the fame manner may the value of an 
Annuity for any given term upon two joint 
lives be determined. — Thus ; fuppofing the 
age of thefe two perfong to be 30 years, and 
the term propofed 15 years.— -The value of 
two joint lives aged 45 is (by Table, page 
7+) 8.9054, which multiplied into -5553 
(the value of i /. at the end of 1 5 years by 

H Table 
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Tabic I ft. Appendix) and alfo into Jg^^ 

(the probability* by Table 3d that both 
fives fhall exift fo long) will be equal to 
2,7604, and this fubtradled from 1 1.45 (the 
whole prefent value of the joint lives by the 
Table in page 74) leaves 8.6896 for their 
value during the term propofed.—- And 
fince the value of the longejl of two lives is 
equal to the joint lives fubtradted from the 
fum of the two Jingle lives -f*; if from twice 
9.7967 we fubtraft 8.6896, we (hall have 
alfo 10.9038 for the value of the longed of 
two equal lives aged 30 for the term juft 
mentioned.— -—This rule may be applied to 
any ages or terms, and is further explained 
in Dr, Price's Treatife on Reverfionary Pay- 
ments^ Schoh to Queft» 6th. 

Corollary Second. 

The value of an Annuity for the remain- 
der of a ternfi certain after any life or lives 
is very cafily obtained from the foregoing 
Problem and Corollary ; the rule being as 
follows. " Find the value of an Annuity 
•* on the life or lives for the given term by 
♦* the Problem or Corollary. Find alfo the 

• See the preceding note, 
t See the Rule in page 55. 

3 •* valuer 
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^' value of an Annuity certain for the given 
•* term, by Table 2d. Siibtradl the former 
" of thefe two values from the latter, and 
" the remainder will be the anfwer." Thus; 
fuppofing the age of the given life to be 30 
and the term 15 years. The value of the 
fingle life for 15 years is found by the 
Problem to be 9.7967 ; and the value of aft 
Annuity certain for this term is 11.1183. 
Therefore 113216 is the nuniber of years 
purchafe required. — In the fame manner the 
value of an Annuity certain for the remain- 
der of 1 5 years after the extin(ftion of two 
joint lives aged 30 may be found by the a(*- 
fiftance of the preceding Corollary to b? 
equal to 2.4287 ; and for the remainder of 
the fame term after the longejl of two fuch 
lives to be equal to .2145. 

RBMAkit. It (hould be bbferved that 
unlefs the value of the Annuity on the whole 
life is calculated to three places of deci-^ 
mals» as in the Table in page 64^ xkioit 
rules will be defedtive, efpecially if the term 
does not exceed teii years j in which cafd it 
will become neceflary to compute the valild 
of the Annuity in the Problem and firfl 
Corollary for each year feparately^ agreeable 
to the diredlioris in page 43. But if the^ 
Life Annuity, as in th6 preferit examples. 

Ha 19 
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is given in the Table to three or more places 
of decimals, the preceding folutions are fuf- 
ficiently correct in all cafes whatever. 

PROBLEM V. 

To find the value of an Annuity for three 
joint lives A, B, and C ♦. 

SOLUTION. 

Let A be the youngeft and C the oldeft 
of the three propofed lives. Take the value 
of the two joint lives B and C, and find the 
age of a fingle life D of the fame value ; 
then find the value of the joint lives A and 
D; which will be the anfwer. 

EXAMPLE. 

Let the three given ages be 20, 30, and 
60.— -The value of the two oldeft joint lives 
B and C (by Tabic 6th) is 7-779, anfwer* 

^ A general account of the method of finding the ra-r 
lues of ^u;0 joint lives has been already given in page 48, 
&€•' And Tables of thefe values for London have been 
given by Mr, Simpfon in his SekSf Exercifes ; and for ge- 
neral ufe agreeable to Mr. De Moivre^s hypothefis by 
Hr., Price in his Treatife on Reverfionary Payments* 
This laft Table I have inferted in the Appendix. 

ing_ 
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ing to a fingle life D of 65 years (by 
Table 5th,) and the value of the joint lives 
AandD (by Table 6th)- is 6.882, which 
will be the value required. 

If the values of the jbint lives and the 
fingle life had been taken as Mr- Simp/on 
has given them for London, this value woul4 
have been 5.82. « 

PROBLEM VI. 

To find the value of an Annuity upon the 
longeft of three lives. A, B, and C, 

SOLUTION, 

Let A be the youngeft and C the oldeft 
of the three propofed lives. Find the value 
of the joint lives B and C, and find the age 
of a fingle life D of the fame value. 
Moreover, find by the rule in page ^^ the 
value of the longeft of the lives A and B, 
alfo that of the longeft of the lives A and 
Ci and likewife that of the longeft of the 
lives A and D 5 then the laft of thefe three 
values fub traded from the fum of the two 
fdrmef leaves the value fought. 
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EXAMPLE. 

Let the three given ages be 20» 30, and 
^o.— The value of the oldeft joint lives B 
and C (by Table 6th) is 7.779 anfwering 
to a fingle life D (in Table 5th) of 65 
lyears. The value of the longeft of the two 
lives A and B, by the fame Tables, is 18 •864, 
alfo that of the longeft of the tvvo lives A 
and C is 16.941, and that of the longeft of 
the two lives A and D is 16.64 * therefore 
19.165 is the value required. 

Had the values of the joint lives and the 
fingle life been computed from the Norths 
ampton Table of Obfervations by the rules in 
Prdblem 2d and 3d, this value would have 
been 19.005, 

SCHOLIUM, 

The exadl value of an Annuity on the 
longeft of three lives is found by ** fub- 
** trading the values of all the joint lives, 
^' combined tiDO and two, from the fum of 
** all the Jingle lives added to the value of 
" the three joint lives.*' Thus ; by the 
Table in page 74 the value of two joint 
lives aged 60 is 6.2468, which multiplied 

into 
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into 3 becomes equal to 18.7404. By the 
Table in page 64 the value of a fingle life 
aged 60 is 9.0 197, which multiplied alfo 
into 3 becomes equal to 27,0591. And, 
by Table 7th Appendix, the value oi three 
joint lives aged 60 is 4.7826, which being 
added to 27.0591, and 18.7404 fubtradted 
from they«/w, we have 13,1013 for the 
exoB value of the longeft of three equal 
lives aged 60 by the Northampton Table of 
Obfervations. This value, by the rule in 
the preceding Problem and Mr. De Moivres 
hypotheiis, is 12.987. — In the fame man- 
ner the value of three lives aged 70 by the 
rule in this Scholium and the Northampton 
Table of Obfervations may be found equal 
to 9.61261 and of three lives aged j^ equal 
to 7.6792. — By the rule in the Problem 
and Mr. De Moivres hypothefis thofe values 

arc 8-969 and 6.537 refpeftively. From 

hence it appears that the hypothecs fhould by 
n6 means be ufed in finding thofe values 
after the age of 60. But with refped: to the 
approximation in Problem 6ch we muft con- 
tent ourfelves with it till the values of three 
joint lives are computed from real obferva- 
tions* This, however, is a work of fuch 
immenfe labour that it is not likely ever to 
be performed 5 nor would it indeed be very 

H 4 necef- 
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ncceflary if we had only Tables of the values 
of two joint lives computed from thofe ob«- 
fervations 5 in which cafe the values of the 
longeft of three lives might be always ob- 
tained fufficiently near the truth from the 
approximation juft mentioned. The want 
oFfuch tables is in a great meafure fupplied 
by the rules in Problem 2d and 3d ; the 
values according to thefe differing fo little 
from the real ones, that we fhall feldom 
incur any material error in having xecourfc 
to them. Thus in the prefent inftances, the 
value of the longeft of three lives aged 70, 
taking the complements of life from the 
Northampton Table, is equal to 9.46, and 
of three lives aged y^ equal to 7.586 ; both 

of which are only about ^ th of a year's pur- 
chafe lefs than the exaSi values found by the 
fame table.—- — Had the ages been younger 
this difference would have been ftill more 
inconiiderable, 

PROBLEM VIL 

To find the value of an Annuity granted 
upon three, lives A, B, and C, on conditioQ 
of its ceafing as foon as any two of them 
become extindt, 

SOLU- 
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SOLUTION. 

Find the value of eech pair of joint 
jives, viz. of A and B, of A and C, and 
of B and C i then froni the fum of thofe^ 
three values let twice the value of the three 
joint lives A# B, and G, be dedud:ed, and 
the remainder will be the anfwer. 

EXAMPLE. 

Let the ages of A, B, and C refpeftively 
T)c 20, 30, and 60. By Table 6th the va- 
lue of the joint lives 

A, B 1 r 11711 

A, C [ will be ] 7.967 

B, Cj I 7779 

the fum of which three numbers is 27.457. 
Moreover the value of the three joint lives 
A, B, and C, by Problem 5th is 6.882i 
therefore 13.693 is the value required. 

Had the age of all the three lives been 
60, the exaSl value by the Northampton 
Table of Obfervations would have been 
9*1755 and the fame value by Mr. D^ 
Moivre^ hypothefis is 8.99. 
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COROLLARY. 

The value of an Annuity for any givca 
term upon the continuance of two lives 
out of three is determined much in the 
fame manner; all that is neceflary, being 
only to fubftitute in the preceding rule the 
value of the joint lives for the given term^ 
inftead of the values for their whole duration* 

EXAMPLE. 

Let the value of an Annuity be required 
upon three lives A^ B, and C, aged lo^ lo, 
and 70, for 15 years, on condition of its 
ceafing if two of them fhould fail in this 

time. The value of two joint lives aged 

10 for 15 years (by the Table in page 74 
and Corollary to Problem 4th) .is 9. 578. 
The value of two joint lives aged 10 and 70 
for 15 years, by the fame Corollary, and 
the Table in page 78, is 5.768. The value 
of the three joint lives by Problem 5th and 
Corollary to Problem 4th, and alfo by the 
Tables in page 64, and page 78, is 5.53, 
Therefore the value of two out of the three 
given lives for 15 years is 10.054. 
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PROBLEM VIII. 

To find the value of a given fum payable 
at the deceafe of A, wbenfdever that (hall 
happen. Or in other words; to find the 
value of an AJfurance of any given fum on 
the nobole duration of the life of A. 

SOLUTION., 

Subtract the value of the life from the 
perpetuity. Multiply the remainder by the 
produ£i; of the given fum into the intereft 
of 1 00 A for a year: and this laft produdt di« 
^vided by 100/. increafed by its intereft for a 
year^ will give the anfwer in z Jingle prefent 
payment. — —And this payment divided by 
ihe value of the life will give the arifwer in 
annual payments during the continuance of 
life, 

EXAMPLE. 

Let the age of the life be 20.— The fum 
1000/.— By the table in page 64 the value 
of the life is i5.94» which fubtra£ted from 
25 (the perpetuity) leaves 9.069 and this 
Temainder multiplied by the produd: of 
1000/. into 4 or by 4000/. gives 36240^ 
which being divided by 1 04 quotes 348.46 iL 

for 



I 



io8 Of the Values of 
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for the value in one prefent payment. — And 
this payn^ent divided by 15.94 is 21.86/. 
the fame value in annual payments during 
the continuance of life. 

The value of this Aflurance by Mr, Dr 
Moivres hypothefis is 350.346/. in one pay- 
ment^ and 22.046/. in annual payments. 

COROLLARY. 

The values of Aflurances on any two or 
three joint lives, or on the longeji of two of 
three, or two out of three lives are deter- 
mined much in the fame manner, only fub- 
ftituting the values of the joint lives, the 
longeft of the lives, or of two out of three 
lives, inftead of the value of the Jingle life 
in the preceding folution. — For example: 
Let the value be required in prefent money^ 
and alfo in annual psiymtnts of 1000/. to be 
received on the failure of the frjl of three 
lives whofe ages are 20, 30, and 60.— By 
Problem 5th the value of three joint lives 
(according to Mr. De Moivres hypothefi^) 
is 6.882* which fubtradted from 25 and 
multiplied into 4000 gives 72472, and this 
produdt divided by 104 quotes 696.84/. for 
the anfwer in one prefent payment.— And 
this payment divided by 6.882 gives 101 •25A 

for 
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for the fame value in annua/ p^yment^ dur-* 
ing the joint continuance of the three lives* 

Again. Suppofe the value of 1000/. is re- 
quired as above to be received on the failure 
of the /a/l of three lives whofe ages are 20, 
30, and 60. — By Problem 6th the value of 
an Annuity on the longeft of three lives (ac- 
cording to Mr. De Mohres hypothefis) is 
19. 165. This fubtradted from 25 (the per- 
petuity) leaves 5.835, which multiplied by 
4000 and then divided by 104 gives 224.42A 
for the value of the Affurance in one prefent 
payment: — ^And 224.42/. divided by 19.165 
quotes 1 1 .709/. for the fame value in annual 
payments during the continuance of the 
longeft of the three lives. 

Laftly* Suppofe the value is required of 
1 000 /. to be paid on the extindicn of two 
lives out of three, whofe ages are 20, 30, 

and 60. By Problem 7th and Mr. De 

Mohres hypothefis the value of an Annuity 
on the continuance of two out of the thr?e 
given lives is 1 3.693. This fubtradted from 
25 (the perpetuity) leaves 11.307, which 
multiplied into 4000 and then divided by 
104 quotes 434.884/. for the value in one 
prefent payment. And 434.884 divided by 

13.693 gives 31.759 for the fame value in 
annual payments during the continuance of 

two 
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two out of the three lives ; or» which is th< 
fame thing, till the claim becomes due. 

PROBLEM IX. 

To find the value of a given fum payable 
at the deceafe of A, fhould that happen 
within a given term. Or in other words j 
to find the value of an AJfurance of any 
given fum on the life of A for any given 
term. 

SOLUTION. 

From the value of an Annuity certain fof 
the given term, found by Table 2d, fubtrad 
the value of the life for that term, found by 
Problem 4th, and referve the remainder. 
Multiply the value of 1 /. due at the end of 
the given term (found by Table i ft) by the 
perpetuity and alfo by the probability that 
the life of A (hall fail in the given term; let 
the produSi be added to the referved remain-* 
der and multiplied by the given fum i then 
will this laft product, divided by the perpe- 
tuity increafcd by unity, quote the value in 
me prefent payment. — And if this payment 
be divided by the value of the life for the 
given term, we (hall have the fame value in 
#»irira/ payments. 

BXAM- 
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EXAMPLE. 

Let the age of A be 30. The fum to be 
affured 1000/. The term 15 years. — The 
value of the life of A for 15 years is^ by 
Problem 4th and the Northampton Table, 
9.7967, which fubtrafted from 11. 11 S3 
(the value of an Annuity certain for 15 
years) leaves 1,3216 the remainder to be rr- 
Jerved. — The value of i /. to be received at 
the end of 15 years is .5553. The probability 
that the life of A fliall fail in 15 years is (by 

Table 3d) — * . and the perpetuity is 2^^ 

Thefe numbers multiplied by one another, 
and 1.32 1 6 added to the product, make 
4.8319, which multiplied into 1000 (the 
given fum) and divided by 26 (the perpe- 
tuity increafed by unity) gives 185.842 A 
the value required in ^Jingle prefent pay- 
ment. — And 185.842/. divided by 9.7967 
(the value of the life of A for the given 
term) quotes 18.969/. the fame value in an^ 
nual payments for 1 5 years 'f fubje<9: to fai-? 
lure fhould the life fail. 

C O R O L- 

♦ Sec note, page 95. 

f The payments in this rule are fuppofed to be madi 

at the end of every year. But the general mode of mak- 
ing Aflfurances of this kind (and indeed of all others) is, 

by 
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COROLLARY. 

In a fimilar maftner may the price of Af- 
furance on any two or three ^i^w/ lives, or on 
the longejl of two or three, or two out of 
three lives, for any given term be calculated, 
only fubftituting the value of xh^ joint lives, 
of the longeji of the lives, or of two out of 
three lives, inftead of the Jingle life in the- 
foregoing rule, . This will be more clearly 
underftood from the following examples* 

Example First* 

Let the value be required in one prefent 
payment, and alfo in annual payments of an 
AlTurance of j coo A on two joint lives aged 

,by paying the firft premium immediaufyy and the remain- 
ing ones at the beginning of every year after.— -Under thofe 
circumftances, therefore, it is evident that the proper di- 
vifor will be the value of the life of A for one year Uft 
than the given term added to unity; hence, in the prefent 
cafe the value of the life of A for 14 years, by Problem 
4th and the Northampton Table, is 9.387, which being 
increafed by unity, and 185.842/. divided by theyfim, 
we have 17.891/. for the annual pzymentSy the firft to be 
made immediately and the laft at the beginning of the 
15th year. — The fame is to be underftood of the examples 
to the Corollary of this Problem. — ^And univerfally : 
The divifor for determining thq annual payments muft 
be increafed by unity, whenever it is propofed that the 
£rft payment fhou^d be made immediately. 

5 
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30 for the term of 15 years 5 that is, let the 
value be required of 1000/. payable if either 
of two lives aged 30 fliould fail in 15 years, 
—The value of the joint lives for 1 5 years 
(by Corollary ift^ Problem 4th, and the 
Northampton Table) is 8*6896, which fub- 
tracled from 11.1183 (the value of an An- 
nuity certain for 15 years) leaves 2.4287 
the remainder to- be referved. ^^T\it value 
tof I /. to be received at the end of 1 5 years 
is .5553. The probability that the life of 
one or other of two perfons aged 30 Ihall 

fail in 15 years is Jg * (by Table 3d,) 

ind the perpetuity is 2^. Thefe numbers 
itiultiplied into one another, and 2.42^7 
&dded to the product make 8.562, which 
multiplied by 1000 (the given fum) and 
divided by 26 (the perpetuity increafed by 
unity) gives 329.308/. the required value in 
me prefent payment. And 329.308/. divided 
by 8.6896 (the value of the joint lives for 
15 years) gives 37.896/. the fame value in 
annual payments for 15 years, fubjed: to fai- 
lure ihould iliQ joint lives fail. 

* See note, page 95. 
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Example Second. 

Let th^ value be required of an Aflurance 
of I GOO /. for 1 5 years on the hmgejl of two 
lives aged 30. Or in other words ; let the 
value be required in one frefent payment and 
alfo in annual payments of 1000 /• to be re- 
ceived on the death of two perfons aged 30^ 
fliould they both die in 15 years^.— The 
value of the longefi of thofc two lives for 
15 years (by Corollary ift to Problem 4th 
and the Northampton Table) is 10.904, 
which fubtradted from 11.118 (the value 
of an Annuity certain for 1 5 years) leaves 
«2i4 the remainder to be referved. The 
value of I L to be received at the end of 1 5 
years is •5553. The probability that the 
lives of two perfons aged 30 (hall fail in 15 

years is (by Table 3d) ~ multiplied by 

Hf' ^^-S *> ^^ ^^^ perpetuity 25— 
Thefe numbers multiplied by one another, 
and .214 added to the product, make 1.021, 
which multiplied by 1000 (the given fum) 
and divided by 26 (the perpetuity increafed 
by unity) gives 39.269/. the anfwer in a 
Jingle prefent payment.— And 39.269/. di- 

* Sec note, page ^5. 

vided 
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Vided by 10.904 (the value of the longeit 
of the two lives for 15 years) gives 3.601 A 
the anfvrer in annual payments for 1 5 years^ 
fubje^ to failure ibould both the lives fail. 

EjcaMpLj^ ThirH^ 

Suppofe the value is required of ioboL 
payable on the extinftion of two out of three 
lives> whofe ages are lo^ 10, and 70, {hould 
that happen in 15 years. — By the Corollary 
to Problem 7th and the Northampton Table 
of Obfervations, the value of an Annuity for 
1 5 years upon two out of the three given 
iivesi is 10.054, which fiibtradled froni 
1 i«i 18 (the value of an Annuity certain for 
15 years) leaves 1.064 the remainder to be 
r-e/erve J. -^Thc probability that two at kaft 
out of the three given lives fhall die in 15 
years (by Table 3d) is ^gg *. This be^ 

ing 

♦ The prbbabilicjr that two liv^^ at leaft out of thrfe 
jQiall die in any number of years is determined in the fol- 
lowing maniter.— -^* Find the probability that each pair 
^^ of lived ihall fail in the given time ; multiply each of 
^< thoie expreflons into the probability that the third 
♦* life fliall ekitt fo long; Find next the probability that 
^^ the thr€i lives (hall fail in the given ttme^ Add thofe 
** four quantities toeefher, and the Jhm will give the 

^' probability required/^ 't'hus : Suppofe the ages of 

Af hf iHld C to be 16, 10 and 70 refpeAiveJy ; the 

I 2 (erm 
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ing multiplied into .5553 (the value of i /* 
at the -end of 15 years) and alfo into 25 
(the perpetuity) as in the two preceding ex- 
amples will produce 3.713, which added to 
1.064, the referved remainder, becomes 
equal to 4*777^. ^^^ ^*777 niultiplied into 
1000 (the given fum) and then divided by 
26 (the perpetuity increafed by unity) gives 
1 83.730 A for the value in 2, Jingle prefent 
payment. 

183.73 /. divided by 10.054 (the value of 
an Annuity for 15 years on two out of the 
three given lives) quotes 18.274/. — the 
fame value in annua/ payments for 15 years 



term 15 years, and the probabilities of life to be as they 
are in the Northampton Table of Obfervations, which is 
the third Table in the Appcrtdix of this work. — By rea- 
foning as in note, page 95, and note, page 13, the pro- 
bability 



That A, B will die > 
and C live - - - 

That A, C will die 

and B live - - . __ . 

That B, C will die (* g "^ 
and A live - - - 



u 

^ 



570 570 123 I 1 



^X— X — 
570 123 



39962700 
4.781250 



That A, B, and C 
will all die • J 



-2ix — X — 
570 123 570 






Vw 57^ 570 123 J 



570 ^ 3S9<>2700 

39962700 

956650 
^ 39962700 



the fum of which four expreffions is — Li25 or fdivid-* 

39962700 ^ 

ing the numerator and denominator by 25) i= J£22-J* 
° /J' 1598508 

rub- 
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fubje£t to faikire (hould two of the lives 
fail. 

N. B. What is faid in note, page 1 1 1, re- 
fpedling the method of determining the va- 
lue of the annual payments, is to be applied, 
under the fan^e circumftances, to the three 
preceding examples. 

PROBLEM X. 

To determine the fum to which any given 
Annuity, forborn and improved at com- 
pound intereft during the continuance of a 
given life, will amount at the extindlion of 
that life *. 

SOLUTION. 

\ 

Divide unity by the value of i /. to be re-^ 
ceived at the end of as many years as are 
expreffed by the complement^ or twice the 
expciftation, of the given life, and fubtra<9:- 
ing unity from the quotient, referve the re- 
mainder.— ^-Multiply the complement of the 
given life into the fquare of the intereft of 
I /. for a year. Divide the referved remain- 

♦ See the demonftration of this Problem in note C. 
Appendix ; where Theorems are alfo given for deter- 
mining the amount of the fame Annuity, when it is laid 
up half-yearly^ quarterly^ or momently. 

I 3 der 
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der by this produd, and from the quotient 
fubtrad the perpetuity ; then will this laft 
remainder^ multiplied into the given An« 
nuity, produce the value required. 

EXAMPLE. 

Let the given Annuity be 50 L and the 
$ge of the given life 30 years.— By Table 
4th the expedation of the life being 28.38]! 
the complement will be 56.76; hence, by 
Table ift^j the value of i /. to be received 
at the end of a term equal to this comple* 
ment is .108. — Unity divided by this num- 
ber quotes 9.2592, from which unity again 
being fubtradled, we have 8,2592 for the 
remainder to be r^ro;^^.— — The fquare of 
the intereft of i /. for a year (or .04 muU 
tiplied into itfelf) is .0016 i which being 
multiplied into 56.76 (the complement of 
the given life) produces .0908; ?nd 8.2592 
(the referved remainder) divided by this 
produdt quotes 90.960, from which 25 (the 
perpetuity) being fubtraded, apd the rc- 
mamder multiplied by 50 (the given An- 
nuity) we have 3298 A for the value re-r 
quired according tp the Northampton Table 
of Obfervations. 

The complement of a life at the age of 
30, by \!(\^ London Table of Obfervations, is 

47-2* 



47.21 aad this would have given the amount 
of the fame Annuity equal to 2304.2/.— -« 
The complement of the life by Mr. De 
Morvre% hypotbeiis being 56^ (he amount 
of the Annuity may be found equal tp 
3209.8 /• 

PROBLEM XI. 

To £nd the value of an Annuity during a 
given life, of x L payable at the end of 
the firft year, zL at the end of the fecond 
year, 3 /• at the end of the third year, and 
fo on; the Annuity uniformly increafing 
every year till the extindion of the given 
life 

SOLUTION. . 

From the value of the given life fubtraft 
the value of two equal joint lives whofe 
common age is the age of the given life ; 
and multiply the remainder by the comple-* 
ment of the given life. The produdl will 
be the value required « 

EXAMPLE. 

Let the age of the given life be 40. The 
value of two equal joint lives aged 40 (by 
Table in page 74) is 9.71 1 which fubtradled 

I 4 from 
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from 13.10, the value of the given finglc 
life (by Table in page 64) leaves 3.38^ And 
this remainder multiplied by 45.72 (the 
complement of the given life by Table 4th) 
gives 154.53/- the required value agreeable 
to the Northampton Table of Obfervations. 

Corollary First. 

If the Annuity is to commence with any 
larger fum than i /. and in the fame manner 
to go on increafing i /. every year ; add to 
the preceding value, the value of the given 
life multiplied into the firft payment lef- 
fened by unity, and tYitJum will be the an- 
fwer. — Thus ; if inftead of r A 2 /. 3 /. &c. 
the Annuities payable at the end of the firft, 
fecond, third, l&c. years had been 15 /. i6A 
17/. &c. 183.47/. (or 13.105 the value of 
the given life by the Table in page 64 mul- 
tiplied into 14) muft have been added to 
154,53/. found above, which would have 
given 338 /.for the value in this cafe *. 

COROL-- 

*• It can hardly be ncceflary to obferye that, if the 
Annuities at the end of the firft, fecond, third, &c. years 
s^re conftantly the multiples of any given number^ the 
value in this cafe is equal to the produdl: of fuch a num- 
ber multiplied into the value found in the Problem. 
Thus if the Annuities were 10/. 20/. 30/. &c. or 15A 

30/. 
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Corollary Second. 

If the Annuity is not to commence till 
^fter an affigned time ; the value of fuch an 
Annuity muft be found on a life as many 
years older than the given life as are equal 

to the affigned time.-^- This value being 

multiplied into the probability that the life 
fliall exift fo long and alfo into i /. payable 
at the end of the affigned time will give the 
anfwer, 

EXAMPLE. 

Let the value be required of an Annuity 
beginning with 1 5 A the firft year, and in-* 
<:reafing at the rate of i A every year dur- 
ing the remainder of the life of a perfon now 
aged 251 after he has attained to the age 
of 40, and the firft payment to be made 
when he has completed his 41ft year. 

The value of fuch an Annuity on a life of 
40 has been found in the preceding Corollary 
etjual to 338/. The value of i /. payable at 

30/. 45/. &c. at the end of the firft, fecond, third, &c. 
years, the values in the Example to the Problem would 
have been .equal to (154.53x10=) 1545*3/- ^^^ 
(154-53^15 = ) 2317-9S/- 

the 
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the end of 15 years (by Table ift) is .55^, 
and the probability that a life of 25 (hdl 



fo long (by Table 3d) is ^ . Thefe 

three quantities naultiplied into each other 
give 144. 1 4 A for the value required in one 
frefsnt payment. 

The value in annual payments, die firft to 
be made immediately and the others at the 
beginning of each year, is found by divid- 
ing the value in one payment by the value^ 
added to unity, of the given life for the af« 
iigned time. Thus; the value of a life 
aged 25 for 15 years (by iht Northampton 
Table and the rule in Problem 4th) is 9.834, 
which being added to unity, and 144.14/. 
divided by the Jum^ we have 13.303/. for 
the preceding value in annual payments, the 
firft to be made immediately, aAd the laft 
at the end of the 15 th year, or beginning^ 
of the 1 6th year. 

CoROLi«ARY Third. 

If the Annuity, dependent on the given 
life, is to be continued only for an affigned 
time, beginning with i /. at the end of the 
firft yeary and increafing at the rate of i /, 
every year to the end of the term i the va-r 
lue may be found in the following man-^ 

ner. 
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ncr.-^<^ From the value of the given life 
«' for the ailigaed term fubtraA the value 
^* for the affigned term of two equal joint 
^^ lives, whofe common age is that of the 
M given life. Multiply the difference by 
^^ the complement of the given life, and the 
'* produiS will be the anfwer." 

EXAMPLE, 

Let the age of the given life be 30, and 
the affigned term 15 years. By Problem 
4th and the Table in page 64 the value of 
a life of 30 for 15 years is 9.7967. By 
Corollary ift to Problem 4th and the Table 
in page 74 the value of two equal joint lives 
figed 30 for 15 years is 8.6896. By Table 
4th the complement, or twice the expefta- 
tion, of the given life is 56.76. The dif- 
ference between the two former values (or 
1. 107) multiplied into 56.76 gives 62.833/. 
for the value required. 

Corollary Fourth. 

Suppofe the Annuity after having increafed 
during an affigned time is to become Jia- 
ti^mry ; that is, to continue invariably the 
fame for the remainder of the given life after 
th^ aspiration of the affigned time.— Jn this 

cafe 



€€ 
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cafe the rule for determining the value will 
be as follows. " Find the value of a life as 

many years older than the given life as arc 
included in the afligned term. Multiply 
♦* this value into i /. payable at the end of 
the afligned time^ and alfo into the proba- 
bility that the given life exifts fo long. 
*• Let this quantity again be multiplied into 
** the ftationary Annuity and referve the 
** produd:. Find next the value of the in- 
** creafing Annuity by the rule in the fore- 
" going Corollary. Let this value be added 
** to the referved product, and the Juf^ will 
** be the anfwcr," 

EXAMPLE. 

The value is required of an Annuity on 
the life of a perfon aged 30, of i /. payable 
at the end of the firft year, 2 /. at the 
end of the fecond year, 3 /. at the end of 
the third year, and increafing at this rate 
every year, till at the end of 1 5 years it be- 
comes an Annuity of 1 5 /. which is to con- 
tinue invariably the fame during the remain- 
der of the given life. " By the Table in 
page 64 the value of a life aged 45 (or 15 
years older than the given life) is 12.2128. 
The value of i /. payable at the end of 15 
years (by Table ift) is .5553^ and the pro- 
bability 
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bability that the life will cxift fo long (by 

Table 3d) is — *. Thofe three quantities 

multiplied into each other are equal to 
5.0668 ; which being multiplied again into 
15 (the ftanding Annuity) gives 76.002 
for the produift to be referred. — By the rule 
in the preceding Corollary the value of the 
increafing Annuity for 15 years appears to 
be 62.833. Therefore 138.835/. is the 
value required. 

Corollary Fifth. 

If the Annuity the firft year is greater 
than I /, the value of the life for the given 
term, till the Annuity either ceafes or be- 
comes ftationary, muft be multiplied into 
this cxccfs above i /.; and the produd, ad- 
ded to the value of the .increafing Annuity 
for the affigned term of i A 2 /. 3 /. &c. 
will give the anfwer in this cafe. Thus ; 
if inftead of i/. 2/. &c. in the E^cample to 
Corollary 3d, the Annuity had been 12/. 
13/. &c. the value of the life for 15 years 
found by Problem 4th (or 9.7967) muft 
liave been multiplied by 1 1, and then added 
to 62.833, which would have made the an- 
swer 170.596 /. In the fame manner, if 

♦ See note, page 95, 

the 
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the increafing Annuity in the Example to 
Corollary 4th had been 12/. 13/. &c, and 
i\it Jiationary one 26 /, 5.0668 in that Ex-* 
ample muft have been multiplied by 261 
inftead of 15, and 131.737, the produft, 
added to 170.596 found above^ which would 
have given 302.333/. for the value in that 
cafe *• 

Corollary Six fa* 

If the Annuity^ in the two laft <^orolla- 
riesy is not to commence till after an af-^ 
figncd time, we muft proceed exadtly in the 
fame manner as in the fecond Corollary^ 
Thus 5 let the value be required of an An-« 
nuity on the life of a perfon now aged 20^ 
and to commence in id years, beginning 
with I L the firft year, and increafing at the 
rate of i /. every year for 1 5 years i at which 
period, or when he has attained to the age of 
45^ it is to continue invariably the fame foi* 
the remainder of his life* — ^The-value of fuch 
an Annuity on a life aged 30 appears (by 
Corollary 4th) to be 138.835. This 
multiplied into ^675 (the value of i L 

^ If the Annuities i /. 2 /. &c. in tbe two laft Co^ 
tdHaries are conftantly the . multiples of any nttinberi 
fet note, page 120^- 

% it 
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at the end of 10 years by Table ift) and 
alfo into^* (the probability by Table 3d, 

diat a life of 20 ihall exift i o years) gives 
79. 1 56/- for the value in oneprefent payment. 
-^And this value divided by 8.466 (the va- 
lue, increafed by unity, of the given life 
for 10 years by Problem 4th) quotes 9.35/. 
for the fame value in annual payments, the 
firft to be made immediately and the lad at 
the end of the loth year. 

If the Annuity inftead of becoming Jla-- 
tionary at the end of 1 5 years after its com- 
mencement had entirely ceafed, the value 
muft have been found by Corollary 3d, 
which in the prefent cafe being equal to 
62. 83 3, will, when multiplied as above, 
give 35.824 A for the value in one payment ; 
and this being divided by 8.466 quotes alfo 
4.23 A for the fame value in annual ipzymtnts^ 
the firft to be made immediately, and the 
lail at the end of the i oth year *{*• 

* Seenote^ page 95. 

f Dr. Price in his Treatifc on Reveriionary Pay- 
ments, page 302, 3(i edition, has given another rule 
ibr felving this Problem. The rule here given agrees 
widi it, but is much fimpler and eafier. ■ "S tc the de- 
monftration in note D, Appendix. 

PROB- 
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PROBLEM XII. 

To determine what Annuity any givci 
fum will purchafe during the joint lives o£ 



two perfons of given ages, and alfo durin 
the life of the Jiirvivor ; on condition, tha 
the Annuity be reduced one half at the ex 
tindtion of the joint lives. 

SOLUTION. 

Let twice the given fum be divided bjr 
the fum of the t^o fmgle lives, and the quo — 
tient will give the Annuity to be paid dur — 
ing tht joint lives; one halfbi which, there- 
fore, is the Annuity to be paid during tlicJ 
remainder of the furviving life *. 

EXAMPLE. 

A and B whofe ages refpedively are z. 5 
ind 32, are defirous of finking 1000/. irt 
order to receive an Annuity during the 3t 
joint lives, and alfo another Annuity oi hc^^ 
the value during the remainder of the fu ^- 
viving life: It is required to determine wh.^t 
Annuities fhould be granted them unA^^ 
thofe circumftances.-^By Table in page ^4 
the value of the life of A is i ^[.421, aiid l^i 

♦ See the dcmonftration in note E, Appendix^ 
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xhc fame Table the value of the life of B is 
J4.534, 2000 /* (or twice the given fum) 
tcing divided by 29.975 (the fum of the 
values of the two lives) gives 66.722/. for 
the Annuity to be granted during the joinf 
Continuance of the lives; and its half, or 
33.361/, is the Annuity to be paid during 
the life of the furvivor* 

COROLLARY. 

The value of fuch an Annuity as is mefl- 
tioned in the preceding Problem is founds 
by multiplying half the fum of the iingle 
lives into the Annuity to be paid during the 
joint lives. Thus, if A and B, aged 25 and 
32, were in pofleffion of an Annuity of 40 /. 
to be reduced as above, after the extinftion 
of their joint lives, its prefent value would 
be equal to 599.48/.; or 14.987 (the half 
gf 29.975) multiplied into 40. 

PROBLEM XIIL 

To find the value of an Annuity ceftairt 
for a given term after the extinftion of any 
given life or lives. 



K SOLU- 
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SOLUTION. 

Subtrad the value of the life or lives from 
the perpetuity, and referve the remainder. 
Then fay; as the perpetuity is to the prcfent 
value of the Annuity certain,- fo is the faid 
referved remainder to a fourth proportional, 
which will be the number of years purchafe 
required. 

Example First. 

. Suppofe A and his heirs are intitlcd to an 
Annuity certain for 14 years to commence at 
the death of B aged 25. What is the prc- 
fent value of A's intereft in this Annuity ? 

By Table 5th the value of the life of B is 
1IJ.318, which fubtradted from 25 (the per- 
petuity) leaves 9,682 for the remainder to 
ht referved. Therefore as 25 is to 10.565 
(the value of an Annuity certain for 14^ 
years by Table 2d) fo is 9.682 (the refervec^ 
remainder) to 4.09, the number of years^ 
purchafe required *. 

Ex A M — 



* This Solution fuppofes the firft payment of th 
Annuity to be made at the end of half a year from th 
extindion of the life. If the iirfl payment is not to b^ 
made till the end of any longer term, difcount the valu^ 
found by this Problem for half a year lefs than that term^ 
and the exail anfwer will be obtained. 

Thus 
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Example Second. 

Suppofe A and his heirs are entitled to ail 
Annuity certain of 40 /. for 20 yeairs to 
commence at the death of the longeft of two 
lives aged 30 and 35 ; w^hat is the value of 
A's intereft in this Annuity? — —By the rule 
in page 55, and computing from Tables 
5th and 6th, the value of the longeft of the 
two lives is 17.825 ; which fubtradted from 
25 {^^^ perpetuity) leaves 7.175 for the re- 
mainder to be referved. — As, therefore, 25 
is to 13.59 (the value of an Annuity cer- 
tain for 20 years by Table 2d) fo is 7.175 
(the rg/^r^y^^ remainder) to 3.9; which mul- 
tiplied by 40 (the given Annuity) produces 
156 /• for the value required. 

In a fimilar manner may the value of art 
Annuity certain after two or three Joint lives 
be determined, by fubtradting the joint lives 
from the perpetuity, and finding a fourth 
proportional as above« 

Thus, 4.09 difcounted for a year (that is, multiplied 
by the value of i /. to be received at the end of a year) 
is 3.932, which is the prefent value of an Annuity cer- 
uin for 14 years, the firft payment of Which is to be 
made at the end of a year and a half after the failure of a 
life aged 25. 

k 2 PR OB- 
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PROBLEM XIV. 

Suppofing ian Ahnuity be be enjoyed dur- 
ing the life of A, at whofe deceafe B and 
his heirs have the nomination of a fucceflbr, 
who is likewife to enjoy the Annuity during 
his life ; it is propofed to find the prefent 
taluc of the fucceeding life. 

SOLUTION. 

Subtradt the value of the life of A from 
the perpetuity, and referve the remainder^ 
Then fay ; as the perpetuity is to the pre- 
fent value of the life to be nominated at the 
deceafe of A, fp is the faid rejerved remain- 
der to a fourth proportional, which will be 
the anfwer. 

EXAMPLE. 

Let the age of A be 40, and the value of 
the life to fucceed him worth 16 years pur- 
chafe, (which nearly correfponds with the 
value of a life whofe age is 19*.) — By 
Table 5th the value of the life of A is 
13.196, which being fubtratSted from 25 {the 
perpetuity) leaves i 1.804 ^^^ t^^ remainder 

♦ See Table 5th, Appendix, or the Table in page 64. 

to 
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to be referred. Therefore as 25 is to j6 fo 
is 11.80410 7.554, the number of years 
purchafe required, according to Mr. Dc 
Moivres hypothcfis. 

Had the value of the life of A been taken 
agreeable to the Northampton Table of .Ob- 
fervations, the value of this fucceffion would 
have been 7.613 *. 

REMARK. 

This Problem appears to differ in no re- 
fpedl from the former, except that in one the 
fucceeding Annuity is for a given lifcy in 
the other for a term certain. Confequently 
as the Solution in the preceding Problem 
applied not only to a Jingle life but to the 
longejl of any number of lives, and likewife 
to the joint lives, fo in the prefent Problem 
the fame application holds good under fimi- 
lar .reftridions. This will be better ex- 
plained by the following example. 

EXAMPLE. 

An Annuity is enjoyed during the longefi 
of two lives aged 30 and 35, at whofe ex- 

* A rule for determining the value of any number 
of fucceffive lives may be found in Mr. Simpfon^s Seledt 
Exercifes, page 292. 

K 3 tinAion 
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tindlian B and his heirs have a right to not 
minate two other lives, which fuppofe to 
be worth 20 years purchafc. It is required 
to determine the prefent value of this nomir 
nation. By the rule in page 55 and com- 
puting from Tables 5th and 6th the value 
of the longeft of two lives aged 30 and 35 
\s 17.825, which fubtr^dled from 25 (the 
perpetuity) leaves 7.175 for the remainder 
to be referved. Therefore, as 25 is to 20 
(the fuppofed value of the fucceeding lives) 
fo is J^iJS (the r£/^rw^ remainder) to 5.74, 
the number of years purchafe required. 

The values of Annuities to one life after 
one, to one life after two, to two lives after 
one, to one life after two joint lives, and 
to two joint lives after one life, may be 
found by Problems 15th, 1 8th, i6th, 17th, 
19th, refpedively, in Mr. Simpfo?is Seleft 
Exercifes, 



COROLLARY. 

In order to find the values of the foremen-: 
tioned Annuities for ferms^ all that is necef- 
fary is to fubftitute in Mr. Simp/on s rules, 
the values of fingle and joint lives for the 
pven terms inftead of their values for their 
whole duration. Thus for example i fuppofe 

fifteen 
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fifteen years of a leafc to remain unexpired, 
and that A aged 30 is to enjoy the reverfion 
of his life in the profits of the leafe for what 
may happen to remain of this term after the 
extinction of the life of B aged alfo 30 : It is 
required to determine the value of A's ex-- 
pe<3:ation. 

By Mr. Simp/on s 1 5th Problem the value 
of the Reverfion of one life after another is 
obtained, by fubtradting the two joint lives 
from the life in expectation. Therefore, by 
Problem 4th, Corollary ifl:, the value of a 
fingle life aged 30 for 1 5 years according to 
the Northampton Table being 9.7967, and 
the value of two joint lives aged 30 for this 
term, by the fame Corollary and Table, be- 
ing 8.6896, the value of A's expectation 
will be 1. 1 07 1 year's purchafe, — Had the 
value of the Reverfion been computed agree- 
able to Mr. De Moivres hypothefis, it would 
have been found equal to 1.189 years pur- 
<:hafe. 

PROBLEM XV. 

To find the value of an Annuity for a term 
certain, and alfo for what may happen to re- 
main of a given life or lives after the expi- 
ration of this term. 

K 4 S O L U^ 



jjii Of t«e Values op 

SOLUTION, 

Find the value of a life or lives as many 
years older than the given life or lives as are 
equal to the term for which the Annuity 
certain is propofed. Multiply this value by 
1 /. payable at the end of the given term, and 
alfo by the probability that the given life or 
lives will continue fo long. Add the pr odu<3; 
to the value of the Annuity certain for the 
given term, and tht fum will be the anfwer. 

Example First, 

Let the value be required of an Annuity 
certain for 1 5 years, and alfo for the remain^ 
der of a life now aged 30 after the expira- 
tion of this term."'— By the Table in page 64 
the value of a life a^ed 45 (or 1 5 years older 
than the given life) is 12.2128. The value 
of 1 /, payable at the end of 1 5 years is 
(by Table ift) .5553; and the probabi-^ 
lity that the life will exift fo long (by 
Table -jd) is 4^*, Thefe three numbers 

^ * 435 

multiplied into each other produce 5.0668, 
which being added to 11.1183 (the value 
of an Annuity certain for 15 years by Tabic 
2d) becomes equal to 16.1851, the number 
of years purchafe required. 

♦ See note, page 95. 

Exam- 



Assurances, R^versjon?^ &c. 137 

Example Second. 

Suppofe the value is required of an An- 
huity certain for 20 years, and alfo for the 
remainder of the longejl of two lives now 
aged 10 and 70 after this term.-^ — —By the 
rule in page t^t^ and calcolating according to 
the values of iingle and joint lives in pag. 64 
CHid 78, the value of the longeft of two lives 
aged 30 and 90 (or 20 years older than the 
given lives) may be found equal to 14,8787^ 
The value of i /. payable at the end of 20 
years (by Table ift) is .4564, and the pro- 
bability (by T^ble 3d) that two lives aged 
JO and 70 fhall not both fail in 20 years i$ 

^i2±5 *^ Thefe three numbers multiplied 

701 10 i 

into each other produce 5.234, which being 
added to 13.590 (the value of an Annuity 
certain, by Table 2d, for 20 years) is equal 
Xo 18.824, the value required. 

P R O B L E iM XVI. 

B, who is of a given age will if he lives^ 
till the deceafe of A, whofe age is alfo given, 
become poffefled of an eftate of a given va- 
lue i to find the worth of his expedlation in 
prefent money. 

♦ See pote, page 95, 

SOLU- 
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SOLUTION. 

Find the value of an Annuity on two equal 
joint lives whofe common age is equal to the 
age of the oldeft of the two propofed lives, 
which value fubtradl from the perpetuity, 
and take half the remainder 5 then fay, as 
the expedation of duration of the younger 
of the two lives is to that of the older, fo is 
the faid half remainder to a fourth propor- 
tional ; which will be the number of years 
purchafe required when the life of B in ex- 
pectation is the older of the two : But if B 
be the younger, then add the value fo found 
to that of the joint lives A and B, and let 
the fum be fubtradled from the perpetuity, 
and you will alfo have the anfwer in this 
cafe. 

The value of the Reverfion in annual p2iy- 
ments is determined by dividing the ^ngle 
prejent payment by the value of the Joint 
lives. 

Example First. 

Suppofe the age of A to be 20 and that of 
B 30 years; and the given legacy 10/. per 
ann. Then the value of two equal joint 
lives aged 30 (by Table 6th) being 11.182, 
and the perpetuity 25 ; the difference here 

will 
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wll be 13.818, the Aa/f of which is 6.909. 
Therefore as 33 *, the expedation of A, is 
jto 28, the expedlation of B, fo is 6.909 to 
5.862 years purchafe, which being multi- 
plied by 10, the given Annuity, we have 
58.62 for the required value of B's expedla- 
tion in one prefent payment. 

This is the anfwer by Mr. De Moivre\ 
Jiypothelis. But if an anfwer is required by 
the Northampton Table of Obfervations, the 
value of the two equal joint lives will (by 
the Table, page 74) be 1 1 .450. The ex- 
pedation of the yqungeft life will (by Table 

♦ The values of moft of the' following examples in 
this chapter have been computed from Mr. De Moivrti^s 
hypothefis; but it will be found as I go along that the 
jK.ules may be applied to any Table of Obfervations; al- 
ways remembering that the complement of 2, life, according 
(o any Table, is double its expeSfation of duration. 

It fhould be further carefully remembered that the 
Rules for folving this and all the following Problems 
give the exaSf values according to Mr. De Moivre*s hy- 
pothefis (except when the approximations in Problems 
5th and 6th are ufed for finding the values of three yW«^ 
lives, or three Jingle lives f ;) but that they are only ap- 
proximations when the complements and values of lives 
are taken (as it is bed they fhould) agreeable to a given 

Table of Obfervations. ^Thefe approximations, how- 

cyer, are fo near when the Survivorfhip extends to the 
whole duration of the lives, that there is little reafon to 
flefirc any greater accuracy. 

f See Scholium to Problem 6th. 

4t^, 
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4th, Appendix) be 33. 19, and of the oldc^= 
28.38. — And thefe datfi will baring out thai 
anfwer 57.93 /• 

Example Second. 

Let the age of A be 30, that of B 20 years 
and the reft as in the preceding example. 
Here the value of the joint lives A and JS 
(by Table 6th) is ri.711, which being ad* 
ded to 5.862, found above, the fum is 
17.573 ; and this fubtrafted from 25, the 
perpetuity, and multipled into 10, gives 
74.27 A for the value in oneprefent payment. 
-^And 74.27 being divided by 11.711 (the 
value of the joint lives A and B) quotes 
6.34/. for the fame value in annual ^^y- 
ments, the firft to be made at the end of the 
year. 

PROBLEM XVIL 

To find the value of a given eftatc at the 
death of B, provided that iliould happen 
after the death of A. 

SOLUTION. 

Find the value of an Annuity upon the 

longejl of two equal lives whofe cpmnio'^ 

age is that of the older of the two lives A 

6 and 
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nd B^ which value fubtra<St from the perpe-^ 
uity and take halfiht remainder. Then it 
wll be, as the expedlation of duration of the 
'ounger of the lives A and B is to that of 
he older, fo is the faid half-remainder to 
he number of years purehafe required when 
3 is the older of the two. But if B be the 
rounger, then to the number of years pur- 
rhafe thus found add the value of an An- 
luity on the longeft of the lives A and B, 
ind fubtradt the fum from the perpetuity for 
the anfwer in this cafe. 

The value of the Reverfion in annual pay*- 
ments till the daim is determined is found by 
dividing the ^ngle frefent payment by the 
value of the two joint lives. — And the famd 
value in annital payments till the claim be-* 
comes due is found by dividing the iingle 
payment by the life of B. 

EXAMPLE. 

Let the age of A be 30, and that of B 
60 years. Let the given eftate alfo be 40/. 

fer annum. By the rule in page 55 and 

calculating from Tables 5th and 6fh> Ap^ 
pendix, the value of the longefi of two lives 
aged 60 each will be found equal to 1 1 .683, 
which taken from 25, the perpetuity, leaves 

13.317 



1 
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13.317 for the remainder. Therefore It 
will be as 28, the expedtation of A, is to 13, 
the expectation of B, fo is 6.658, the half* 
remainder, to 3.091, the number of years 
purchafe required, which being multiplied 
by 40 gives 1 23.64/. for the value in one pre^ 
fent payment. 

But if A had been 60 and B 30, the value 
required would have been 5.987 multiplied 
into 40, or 239.48/.; becaufe the value of 
the longeft of the lives A and B (by the rule 
in page: 55 and Tables 5th and 6th, Appen- 
dix) is 15.922 years purchafe. 

Such is the folution by Mr; De Moivres 
hypothefis. — Had the folution been required 
by the Northampton Table, it would have 
been neceflary to compute (by Problem 3d) 
the value of two joint lives aged 30 and 60 
from their expedations by the fame Table, 
or from 28.38 and 13-13*; which differ- 
ing but little from the expedtations by the 
hypothefis, the refult would have been very 
nearly the fame. — But had the ages of A and 
B been fuppofed 10 and 70, the value by 
the hypothefis (fuppofing A the oldeft) 
would have been 5.92 years purchafe or 

* Sec Table 4th, Appendix. 

236.8/. 
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236.8 /. — By the Northampton Table * 5.45 

years purchafe or 2 1 8 /. Had both the 

ages been 10 the value would have been by 
the hypothefis 2.29 years purchafe. — By the 
Northampton Table 2.14 years purchafe. — 
Had the age of A been "j^ and B 1 5, the value 
by the hypothefis would have been 6.87. By 
the Northampton Table 6.43 years purchafe. 

It appears from hence that, though the 
Northampton Table correfponds more nearly 
than any other to the hypothefis, yet the 
difference between the values given by it 
and by the hypothefis in the firft and laft 
ftages of life is too great to be negledted.— 
And what is thus true of this Table and alfp 
of Dr. Halleys Table in the firft and laft 
ftages of life, is true of the London Table 
through every part of life. 

REMARK. 

If inftead of an Annuity the value of an 
equivalent y?^/?^ had been required, the re- 
fpedtive anfwers in the two preceding Prob- 
lems fhould have been divided by i /. in- 
creafed by its intereft for a year, agreeable 
to the correftion mentioned by Dr. Price in 
his Treatife on Reverfionary Payments, 
Scholium to Queftion 6th. 

* See Tabk 4th, Appendix, and the Tables in pag, 
64., 74, and 78. 

The 
6 
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The fame is likewife to be obferved in all 
the following folutions where either of thofe 
Problems are concerned. 

The Solutions of the i6th and 17th 
Problems include all the cafes of Survivor- 
iliip between two lives for their whole dura- 
tion. But an expedation dependent on a 
Survlvorfliip is often reftridted to a term of 
years Icfs than the whole duration of the 
lives. — I am unwilling to repeat too much 
of what has been written by others ; and, 
therefore, I fhall refer for the Rules, by 
which the values in fuch cafes may be calcu- 
lated, to Queftions 15th and 16th in Dr. 
Price's Treatife on Reverfionary Payments. 

PROBLEM XVIII. 

B if he lives till the deceafe of A is to 
receive a given fum in cafe C is then extinft. 
— To determine the value of his expcdation 
in prefent money. 

SOLUTION. 

Case ift. If the life of B is the oldefi 
of the three : From the value of an An- 
nuity on the life of B take the value of the 
two joint lives A and B ; multiply the re- 
mainder by the given fum, and divide the 

pro- 
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produA by twice C's cxpedtation ; the quo- 
tient will be the value fought« 

C A s E ad* If the life A is the oldeft of 
the three: From the value of an Annuity 
for as many years of B's life as are expreiTed 
by the double of A's expedation of dura-* 
tion (found by Problem 4th) fubtradl the 
value of the two joint lives A and B ; and 
multiply the remainder by the given fum, 
then divide the produ(5): by twice the expec-* 
tation of C's duration as in the preceding cafe« 

Case 3d. If the life G be the oldejl of 
the three : Then find the value of the life 
B, , if older than A ; otherwife find (by 
Problem 4th) the value of as many years 
thereof as are exprefled by the double of A's 
expcftation of duration; and from the value 
thus found let the value of the joint lives 
C and B be fubtradled : Multiply the re- 
mainder by the given fum, then the produdb 
divided by twice A's expedtation of duration 
will be the anfwcr. 

In either of thofe three cafes if the prefent 
value in c^;/^ payment be divided by the joint 
lives A and B, the quotient will be the fame 
value in annual payments *, the firft to ba 

♦ See the method by which the values in annual pay- 
jnents, in all the following Problems, have been deduced, 
in note K, Appendix. 

L made 
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made at the end of the year and (he others 
to be continued till the claim is determined j 
or (which is the fame thing in this inftance) 
tjill the money becomes payable, provided 
the claim is determined in favoqr of the pur-« 
chafer. 

pxAMPLE First* 

Let the age of B be 609 that of A 2Qp ^ 
that of C 30 years; and kt the propofed 
legacy be 1 000 /.—This example, it is evi-f 
dent, belongs to Cafe ift. Hence 7.967, 
the value of the joint lives A and B> by 
Table 6th, being fubtradled from 9.017,, 
the value of the fingle life B by Table 5th, 
leaves 1.05 for the remainder; which being 
multiplied into 1000, the given fum, apd 
divided by 56, twice the expedation of C 
by the hypothefis, quotes 18.75/. for the 
value required in one prefent payment.— In 
order to find this value in annual payments 
till the claim is determined or becomes pay- 
able, 18.75/. ^^'^ ^^ divided by 7.967, 
the value of the joint lives A and B, and the 
quotient, or 2.353 /, will be the anfwer. 

Had the ages of A, B, and C refpedtively 
been 10, 70, and 50, the value of B's ex- 
pectation in prefent money would havip b^eq 
by the Northampton Table of Obfervationa 

equal 
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equal to 9.752/, and by Mr. De Moivres 
bypotheiis equal to 1 1 • 1 94 A 

Example Second. 

Let the age of B be 20, that of A 6o> 
and that of C 30 years ; and let the propofed 

legacy be 1000/.^ According to the fo- 

lution of Cafe 2d the firft thing to be deter- 
mined is the expedlation of A, which by the 
hypothefis appears to be 13 ; its double, 
therefore, is 26, and the value of an An- 
nuity on the life of B for 26 years by Prob- 
lem 4th, and computing agreeable to the 
hypothefis, is equal to 13.235, from which 
7.967, the value of the joint lives. A and B 

by Table 6th, being fubtrafled, the remain- 
der is 5.2685 which multiplied into 1000, 
the' given fum, and then divided by 56, 
twice the expedtation of C, quotes 94.071/. 
for the value required. — And 94-071 divided 
by 7.967, as above, gives 11.807/. for the 

fame value in annual payments, the firft to 
be made at the end of the year. 

Example Third. 

Suppofe the age of B to be 30 years, that 
of A 20 and that of C 60. The legacy, as 
in the other examples, 1 000 A— According 

L 2 to 
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to Cafe 3d the value of the life of B (by 
Table 5th) is 14.684, from which 7.779 
the value of the joint lives C and B (by 
Table 6th) being fubtraded, and 6.905, 
the remainder, multiplied into 1000, the 
given fum, and then divided by 66, twice 
the expedation of A by the hypothefis, 
quotes 104.62/. for the value fought. And 
104.62 /. divided by 1 1.7, the value of the 
joint lives A and B by Table 6th, quotes 
8.942/. for the fame value in annual ipzy- 
ments, the firfl to be made at the end of 
the year. 

PROBLEM XIX. 

To find the value of a given fum payable 
if A fhould be ^tfrji that fails of the three 
lives A, B, and C. 

SOLUTION. 

Find by Problem i8th the value of the 
given fum payable if C (the elder of B and 
C) fhould be living at the deceafe of A in 
cafe B is then dead. — Find next by Problem 
16th the value of the given fum payable if 
C is living at the deceafe of A whether B is 
then living or not.— Subtrad the former 
value from the latter, and the remainder will 
be the anfwer. 

If 
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If the value is required in annua/ pzymcnts 
to be continued till the claim is either de- 
termined or becomes due, the preceding an- 
fwer muft be divided by an Annuity on the 
joint continuance of the three lives. 

EXAMPLE. 

Let the age of A be 20 years, that of B 
30, and that of C 60. The fum looo/.— 
Then by Example ift. Problem i8th, the 
firft value appears to be 18.75; and by 
Problem i6th the fecond value is 141. 26. 
Their difference, therefore, or 122,51/. will 
be the value required. — And 122.51 being 
divided by 6.88, the value of the three joint 
lives by Problem 5th, the quotient 17.8/. 
is the fame value in annual payments, the 
firft to be made at the end of the year. 

PROBLEM XX. 

To find the value of a given fum payable 
if A fhould be t\it fecond that fails of the 
three lives A, B, and C. 

SOLUTION. 

Find by Problem 1 8th the value of the 
given fum payable if B fhould live to the 
deceafe of A^ and C is then extindt. Find 

L 3 alfo 
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alfo by the fame Problem the value of the 
given fum payable if C ftiould live to the 
deceafe of A, and B is then extincS. Th^ 
fum of thefe two values will be the anfwcr 
in one prefent payment. 

To find the value in annual payments till 
the claim is either determined or becomes 
due i fubtraft the value of an Annuity on the 
three joint lives from tht fum of the values 
of the two joint lives A and C, and the two 
joint lives A and B. Divide \ht Jingle pay- 
ment by this remainder, and the quotient 
will be the anfwer. 

EXAMPLE. 

Let the age of A be 20 years, that of B 
30, and that of C 6o. — ^The fum 1000/.— 
By Example 3d, Problem i8th, the firft 
value appears to be 104.621 and by Ex- 
ample I ft the latter \^lue appears to be 
18.75. Their fum, therefore, or 1 23.37 /• 
is the anfwcr in one prefent payment. 

The value of the joint livea A and B (by 
Table 6th) is 11,7! i, of the joint lives A 
and C (hy the fame Table) 7*967, and of 
the three joint lives A, B, and C (by Prob- 
leoi 5th) 6.882. This laft value heing 
Aibtrafted from the fum of the two foroKr 
values (or 19.678) leaves 17.796;: aod 
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123,37 /. divided by this remainder quotes 
^.641/. for the value in annual p2iymcnts, the 
firft to be made at the end of the year, 

PROBLEM XXI. 

To' find the value of a given fum payable 
at the death of A, if his life fhould be the 
iq^ that fails of the three lives A, B, and C, 

SOLUTION. 

FJiid by Pifoblem i8th the value of the 
givert (am payabk if C fhould live till the 
Acet^fe of A in caie B fhould be then dead 
(C bektg fuppofcd the elder of B and C.) 
f*Jfid next by l^roblew 17th the value of tbd 
giviiy ftkn payable if A fhould die offer' B. 
StibtniSi fbe fotmer value from the latter^ 
and the remainder v^ill bc^ the anfwer in one 
frefmt pa3mnrat. 

The vahre in annual payments till the 
dtftiB is determined \^ found by the rule in 
Pibbktat 2!bth. — ^Add the fame value till tlie 
ckm becomes due (provided it fhould be de- 
tttmtAed in favour of the purchafer) is found 
by dividing the fingle payment by an An-* 
wXtf oa tbe^ life of A^ 
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EXAMPLE. 

Let the age of A be 60 years, that of B 
20, and that of C 30* The fum 1000/.— 
By Cafe 2d, Problem i8th, the firft value 
will be found equal to 75.288, and by 
Problem 17th the latter value equal to 
100.877 ; their difference, therefore, or 
25.589 /. is the value required in one prefent 
payment. 

By proceeding according to the rule in 
Problem 20th the difference between the 
three joint lives, (found by Problem 5th) 
and i\iQ fum of the values of the two joint 
lives A and C, and the two joint lives A and 
B (by Table 6th) will be founa equal to 
8.864. And 25.589/. divided by this dif- 
ference quotes 2.886 /. for the value in an^ 
nual payments, to be made at the end oi 
every year till the claim is determined. 

The value of the fingle life A (by Table 
5th) is 9.02, and 25.589/. divided by this 
Annuity gives 2.836/. for the annual pay- 
ments to be made as above till the claim be^ 
fomes due* 

Thefe, it may be obferved, arc the values 
agreeable to Mr. De Moivre% hypothefis, 
Had the refpedlive ages of A, B, and C 

been 
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teen 10, 10, and 70, the value of the Rever- 
^on, by the fame hypothcfis, in one prefent 
j)ayment, would have been equal to 8 2,643 /• 
^nd by the Northampton Table of Obferva- 
tions equal to 79.416 /. * 

PROBLEM XXII. 

To find the value of a given fum payable 
at the extindtion of the lives A and B, fhould 
they be the firji that will fail of the three 
lives A, B, and C* 

« 

SOLUTION. 

Find by Problem i8th the expedation of 
C on the contingency of A's furviving B, 
and alfo his expcdlation on the contingency 
of B's furviving A. Th^ fum will be the 
value required in one prefent payment. 

To obtain the fame value in annual pay- 
ments till the claim is either determined or 
becomes due j find the value of the two joint 
lives B and C, and alfo the value of the two 
joint lives A and C, from thtfum of which 
Tubtradt the value of the three joint lives ; 
then divide the fingle payment by the re- 
mainder, and the quotient will be the an- 
fweri 

* See the latter part of the Example to Problem 17th. 

EXAM- 
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EXAMPLE. 

Let the age of A be 20 years, that of B 
60, and that of C 30, The fum 1000/.— 
Here the firft part of C's expectation ap- 
pears from Example 3d, Problem i8th, (by 
fubftituting C for B and vice verjaj to be 
104.62/.; and the latter part of his expefta- 
lion is found by Cafe 2d (fubftituting C for 
B, A for C, and B for A) to be 75.288 /• 
Therefore 179.908 /. is the anfwer in one 
frefent payment. 

Again, — The value of the joint lives B 
and C (by Table 6th) is 7.779, and of the 
joint lives A and C (by the fan>e Table) 
1 1 •711 J from theyir;w of which 6.882 (the 
value of the three joint lives by Problem 
5.th) being fubtrafted, we have 12.6 for 
the remainder: And 179.908 /• being di- 
vided by 12.6 quotes 14.278/. for the value 
of the above expeftation in annual payments 
to be made at the end of every year till the 
claim* is determined or becomes due. 

PROBLEM XXIIL 

To find the prefent worth of an eflate of 

a given yearly value, to be entered upon at 

. 5 the 
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the deceafe * of A and B, fliould their lives 
l)c the lajl that fhall fail of the three lives 
A, B, and C. 

SOLUTION. 

Case ift. If either Aor B are older than 
C. Find by Problem 6th the value of an 
Annuity on the longeft of three equal lives 
whofe common age is that of the elder of 
the two lives A and B. Subtract this value 
from the perpetuity ; divide the remainder 
by 3 and referve the quotient. — Find next 
the value of i /. payable at the end of as 
many years as. are exprefled by the comple-» 
ment, or twice the expedlation, of the 
youngeft of A and B ; which being multi« 
plied into half the perpetuity, let the pro- 
dud: be fubtradled from the referved quo- 
tient. Then it will be, as the produ<3:s of 

* Care fliould be taken to diftinguifli between thl$ 
and the queftion " for finding the valiie of an eftate, or 
*• equivalent fum, to be received as foon as it is deter^ 
*« mined whether A and B (hall be the laji that will fait 
** of the three lives A, B, and C." This is the fama 
With the 17th Problem and differs widely from the 23d j, 
for it is evident that in the one the expedtant is to become 
pofieft of the Rcvcrfion on the extinftioti of the joint 
lives, but that in the other he cannot come into poiTeinon' 
till the extinction of the longeji of the lives, 

the 
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the complements of C and the youngeft of tho 
two lives A and B, to the fquare of the f^«- 
plement of the oldeft of them, fo is the pre- 
ceding remainder to a fourth proportional, 
which muft be referved. 

Find next by Problem 4th the value of 
an Annuity on the life of the youngeft of 
A and B for a term equal to the difference of 
the complements of thofe two lives, which 
fubtradi from the perpetuity and take half 
the remainder. Then it will be, as the 
complement of C is to the complement of the 
cldeft of A and B, fo is the faid half re- 
mainder to a fourth proportional ; which 
being multiplied into the value of i /. pay- 
able at the end of a term equal to the com-- 
plement of the el deft of A and B, and added 
to the referved proportional, the fum will 
be the number of years purchafe required. 

Case 2d. If C is the oldejl of the three. 
Find by the preceding rule the value of the 
cftate to be entered upon at the deceafe of 
A and C, if B ftiould be the firft that fails. 
Find alfo the fame value at the deceafe of B 
and C if ^ ftiould be the firft that fails. Add 
thefe two values to the value of an Annuity 
on the longejl of the three lives A, B, and 
C (found by Problem 6th 5) then fubtrafk 
the fum from the perpetuity, and the re- 
5 mainder 
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kiainder will be the number of years pur- 
-hafe required. 

If in either of thofe two cafes, the num-* 
ber of years purchafe be multiplied by any 
given fum^ and divided by the perpetuity 
increafed by unity, the quotient will be the 
ir?ilue of the Reverfion of this fum *. 

The above value in annual payments till 
the claim is determined may be obtained, 
by dividing the value in one payment by the 
three joint lives (found by Problem 5th,) 

In order to obtain the value in annual 
payments till the money becomes due\ that 
is, till the claim is determined, and after- 
wards till it becomes payable provided it 
Qiould be determined in favour of the pur- 
chafer, divide the value in one payment by 
ihe value of an Annuity on the thvt^ joint 
lives added to the difference between the va- 
lue of an Annuity on the life of C and on 
the longejl of the three lives A, B, and C, 

Example First. 

Let the age of A be 20 years, that of B 
So, and that of C 30, The eftate, 40 /. 
btr annum, which is equivalent to the finglc 

♦ See the demonftration of this Prpblem in note F, 
Appendix. 

fum 
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fum of looo/- — This example, it is plaiiii 

belongs to Cafe ift* The value of the 

longeft of three lives aged 60 is 12.987, 
which fubtradted from 25 (the perpetuity) 
and the remainder divided by 3 becomes 
equal to 4.004. The value of 1 /. at the 
end of 66 years, or a terni equal to the 
complement of A, is (by Table ift) ,075, 
which multiplied into half the perpetuity, 
or 12.5, is equal to .9375; and this fub- 
traded from 4.004 leaves 3.0665. There- 
fore as 56 (the complement of C) multi- 
plied into 66 (the complement of A.) or 
3696, is to the fquare of 26 (the comple- 
ment of B,) or 676, fo is 3.0665 to .5607^ 
the fourth proportional to be referved.^—^^ 
Again. The value of an Annuity on the 

life of A for (66—26 = ) 40 years is 15.151^ 
which fubtradted from 25, and the remain- 
der divided by 2, becomes equal to 4.924. 
Hence as 56 is to 26 fo is 4.924 to 2.291 
and this proportional multiplied by .3607, 
the value of 1 /. (by Table ifl) at the end 
of 26 years, is reduced to .825. Confe- 
quently 1.3857 is the number of years pur- 
chafe required ; which being multiplied by 
1000 and divided by 26 quotes 53.296/, for 
the value of the given equivalent Jum in one 

prefent payment. 

The 
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The value of the three Joint lives is 6.882, 
«nd 53.296 /. divided by this quantity 
quotes 7.744 /. for the value of the above 
ium in annual payments till the claim is de-* 
termined. 

The value of the three joint lives being 
6, 8 8 2, the value of the longeji of the three 
lives (by Problem 6th) 19.165, and the va- 
lue of the life of C (by Table 5th) 14.684 ; 
the diference between the latter and the ftim 
9f the two former values will be u.363, 
and 53.296/. divided by this difference 
quotes 4.69 for the value in annual pay- 
ments to be continued till the claim becomes 
due'^. 

Such are the values by Mr, Tie Moivre^% 
hypothefis. Suppofe now the value of the 
preceding Reverfion in one prefent payment 
is required agreeable to the Northampton 
Table of Obfervations. By Scholium to 
Problem 6th it appears that the exaS value 
cf the longeft of three lives aged 60 is 
53.1013. By Table 4th, Appendix, the 
complements of the lives of A, B, and C 

4^ If inftead of making the annual payments at the 
itid of every year, they are to be madte at the beginning of 
each year, unity mud be added to the divifors for deter- 
mining thofe values ;•— that is, in the prefent cafe 
53.296/. muft be divided cither by 7.882 or. 12.363. 

are 
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are 66,38, 26.26, and 56.76 refpeaively^- 
Therefore following the fame Heps as in thtf^ 
foregoing Example the r^/^rv^^ proportionaf 
will be found equal to . 5565 #— The 
value of an Annuity on the life of A for 

(66.38—26.26=1) 40 years, by Problem 4th 
and the Table in page 64, is 15.2 ; confe^ 
quently the number to be added to the re- 
^y?n;^^ proportional is .805, which makes the 
value of the e/laU to be 1.3615 years pur- 
chafe ;. hence the value of the given fum isf 
52.365 /. 

Example Secok0, 

Let the age of A be 20 years, that of 
B 30, and that of C 60.— -The fum 1000 /• 
This Example belongs to Cafe 2d ; there-^ 
fore the firft value by fubftituting C for B 
and vice ve?fd, appears by the preceding 
Example to be 1-3857; and by following 
the direiSions laid down in Cafe ift (after 
fubftituting C for A and vice verja) the fe- 
cond value will be found equal to 1.2898. 
T\it\xfum added to 19.165, the value of.thc 
longeft of the three lives, and then fubtradted 
from 25, the perpetuity, leaves 3*1595 for 
the number of years purchafe required ; and 
confequently the value of the given fum is 
121.52/. 

The 
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The value of the three joint lives being 
6.882, the above value in annua/ payments, 
to be made at the end of every year till the 
claim is determined^ will be 17.657/. — And 
the difference between the life of C (by 
Table 5th) and i^i^fum of the values of the 
three joint lives and the iongejl of the three 
lives being 17*03, the ^;7/;»j/ payn^ents, to 
be made at the end of every year' till the 
claim becomes due^ will be 7.135 A 

PROBLEM XXIV. 

To find the value of a given fum payable 
at the deceafe of A provided both or either of 
the twp lives B and G are then living ; that 
is, if the life of A (hould be thtjirjl ovfe^ 
coffd that fhall fail of the three lives A, B^ 
and Ci 

SOLUtlON. 

Find by Problem 21ft the value of the 
given fum payable if A fhould be the /a/l 
that dies of the three lives : Subtradt this 
from the value of the Reverfion of the given 
fum after the deceafe of A (found by Prob- 
lem 8th) and the remainder will h€ the an- 
fwer in one /r^/r/ payment. 

M TTha 



l64 Op the VALtJfiS t>9 

The fame value in annuaf pzymtnt9y rill 
the claim is either determined or becomes due^ 
trill be obtained by dividing the value in 
one payment by an Annuity on the thtcfc 
joint lives fubtrafted from the fum of the 
values of an Annuity on the joint lives of A 
and C and an Annuity on the joint livts of 
A andB. 

EXAMPLE. 

Suppofe the age of A to be 20 years, that 
of B 30, and that of C 60. The fum idoo/. 
i— The firft value by Problem 21ft maybe 
found equal to 106.096/. and the fecorid 
value (by Problem 8th) equal to 350.346 /. 
therefore the value required in one payment, 
by the hypothefis, is 244.25/- 

The value of the three joint lives, by the 
fame hypothefis and Problem 5th, is 6.882^ 
which fubtradted from 19.678, xht Jum of 
the values of the joint lives A and C, and 
the joint lives A and B (by Table 6th) 
leaves 12,796. Hence 244.25 divided by 
this remainder, quotes 19.088/. for the va« 
lue in annual payments to be made at .the 
end of every year till the claim |S «thef 
determined or becomes due» 
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PROBLEM XXV. 

To find the value of d given Aim payable 
bt the deceafe of A if his life ihould nof be 
the firft that jfhall fail of the three lives A, 
^, and C I that is, if it (hould be the Jecond 
^r thrd that fails of thofe lives; 

SOLUTION. 

Find by Problem 19th the valud of the 
given fam if A ihould be the ^r/i that dies : 
Subtrad: this value from the value of the 
Reverfion of the given fum after A's life 
(found by Problem 8th,) and the remain- 
der will be the anfwer in me prefent pay-^ 
ment; 

The value in annual payments till the 
tlaim is determined, is found by the rule in 
iProblem 20th, And the value in thofe pay- 
ments till the claim ieconies due is found by 
dividing the iingle payment by the value of 
an Annuity oh the life of Ai 

E X A M P L Ei 

Let the age of A be 20 yearsi that of B jij* 
atid that of C 60; The fum 1000/.— The 
Value on the firft contingency (by Problem 
19th) will be found equal to izit^i I. dnd 

M 2 the 
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the value of the Reverfion after A's life (by 
Problem 8th) is 350.346 /.; confequcntly 
227.836 /. will be the value required, by the 
bypothefis, in one payment. ;; 

227.836/. divided by 12.796 (found by 
the rule in Problem 20th) quotes 17*805/. 
for the value in annual payments to be made 
at the end of every year till the claim is de^ 
termined. And 227.836 /. divided by 15.89 
(the value of an Annuity on the life of A 
by Table 5th) gives 14.33/. ^^^ *^^ value 
in thofe payments, to be made in the fame 
manner till the claim becomes due^ 

PROBLEM XXVI. 

To find the value of a given fum payable 
at the deceafe of A, if his life jfliould not be 
the fecond that fails j that is, if it (hould 
be the Jirji or lajl that fhall fail of the three 
Jives A, B, and C. 

SOLUTION. 

« 

Find by Problem 20th the value of the 
given fum provided A lliould be the fecond 
thfit dies : Subtra(^ this value from the va- 
lue of the Reverfion after A's life (found by 
Problem 8th) and the remainder will be 
the anfwer in one prefent payment* 

The 
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The value in annual payments till the 
claim is determined is found as in Problem 
20th. — The value in annual payments till 
the claim becomes due (provided it Ihould be- 
determined in favour of the purchafer) is the, 
value in one payment divided by the value of 
the fingle life A. 

EXAMPLE. 

Suppofe the age of A 20, that -of ,B 3^0, 
and that of C 60 years. The fum 1000/. 
The j&rft value according to Mr. De Moivr^s 
hypothefis appears to be 12^,34 /• and the 
fecond value 350,346 /• Their difference, 
therefore, or 227,006/. is the value required 
in one prefent payment \ — which being di- 
vided by 12.796 (found by the rule in Prob- 
lem 20th) quotes ij.j/^L for the value in 
annual paynients to be made at the end of 
every year till the claim is determined : and 
being divided by 15.89 (the value of an An- 
nuity on the life of A by Table 5th) quotes 
14.286/. for the value in thofe payments 
to be made in the fame manner till the 
claim becomes due, provided it fliould be de- 
termined in favour of the purchafer. 
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PROBLEM XXVIL 

To find the value of an Annuity on the 
life of B after A, on the particular condi- 
tion that A's life when it fails^ fhall fat) 
h^ore the life of C. 

SOLUTION. 

Case ift. When B is oldeJi\ or y)ben B 
is older than C, and C i^ older than -/f.-^ 
From the value of an Annuity on the two 
joint lives B and C, fubtracl the value of 
an Annuity on the three joint Jives A, B, 
^nd C 5 and rejerve the remainder. 

Find by the rule in page 55 the value of' 
an Annuity on the longeft of the two lives 
A and C, and by Problem 6th, or its Scho-^ 
lium, the valpe of an Annuity on the longeft 
of the three lives A, B, and C ; then will 
half the difference betweep thefe two laft 
values added to the referved remainder be the 
number of years purchafe required. 

Case 2d. When P is younger than C, 
and C older than A. Find, as in the pre- 
ceding Cafe, the difference between the va-. 
lues of the two joint lives B and C, and the 
three joint lives A, B, and C, and let it be 
referved. — Find next the yalqe of an An-^ 
3 nuity 
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nuity on the longeft of two equal lives whofe 
common age is that of C^ and fubtrad: it 
from the value of an Annuity on the longeft 
of three lives, the common age of two of 
whom is that of C, and the age of the third 
that of B j multiply this remainder by the 
eifpedlatioo of C, divide the produfl; by 
twice the expeflation of A, and the quotient 
added to the remainder, referved above, will 
be the number of years purchafe required. 

Case 3d. When B is younger than C* 
and C younger than A. Find the value a^ 
in Cafe 2d, upon the fuppofition that C 
fhould die before A. Add this value to that 
of an Annuity on the three joint lives i let 
the funi be fubtradted from the value of aii 
Annuity on the fingle life B, and the re* 
mainder will give the number of years pur- 
chafe rcqoiired. 

V C A 8 E 4th. When B is older than C, and 
A older than B, This is anfwered in the 
fame manner with Cafe 3d, by firft finding 
the value of an Annuity by Cafe 2d on the 
life of B after C on condition that C dies 
before A, and then fubtrafting this value, 
added to the value of the three joint lives, 
from the fingle life B *. 

* See the demonftration of this Problem in note G, 
' Ai^pcndix^ 

, " M 4 Exam- 
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Example First. 

Let the age of B be 6p years, that of C 
30, and that of A 20.— The value of the 
joint lives of B and C (by Table 6th) is 
7*779> ^^^ '^^ value of the three joint lives 
(by Probleni 5th and the hypothecs) is 
6.882; therefore the remainder to be referved 
is .897. 

The value of the longeft pf the three live* 
(by Problem 6th and the hypothefis) is 
19.165, and that of the longeft of the two 
lives A and C (by the rule in page 55) is 
18.8645 confequently half their difference 
is .15, which added to .897 gives 1.047 for 
^he number of years purcliafe recjuired *. 

The 

^ The anfwers in this and the following Examplei 
are a little above the truth, owing to the value of the three 
Joint lives^ and that of (he longeft of the three lives be- 
ing given by Prob. 5th and 6th| the one too high and tb^ 
other too low, Thefe deviations arife from the rules in 
thofe Problems being only (xfpro^e^^aations to the real va« 
lues. — But they may always be ufed with fafety, provided 
we approximate to the values of fingle at^d joint lives (by 
Prob. 2d and 3d) from z given rate of mortality ^Y^tn the 
ages exceed 60 ; Mr. De Moivre*s hypothefis^ (as I have 
already obferved in the Scholium to the fixth Problem) 
producing errors too confiderable after this period.— -Hav* 
ing regard to this precaution, we {hall feldom or ever de* 
yjate from the truth more than ^^ th of a year's purchafet 

— lihoi»lc| 
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The value of this Revqrfion by the Nor^ 
thampton Table, and approximating to the 
values of the fingle and joint lives by the 
rules in Prob. 2d and 3d, is .88. 

Example Second. 

Let the age of B be 20 years, that of C 60^ 
and that of A 30.— The value of the joint 
lives B and C (by Table 6th) being 7.967, 
^nd the value of the three joint lives (by 
Problem 5th) being 6.882, the diflferencc 

-—I fhould not have taken notice of thefe circumftances, 
had it not been that, in the prefent Example, the value 
of the life of B after A> though reftrained to the con- 
tingency of C's fiirviving A, appears to be almoft equal 
]to the value of the life of B after A without any fuch re- 
ftridion ; from whence ^be reader might be led to con* 
elude that the rule is wrong. — Now it is evident that 
yrhen the ages of the lives are refpe6lively as in this Cafe, 
there canpot be much difference between them.— If the 
values, however, of the three joint lives and the longeft 
of the three lives be computed in exad agreement to 
the l^ypothefis by Problem ift, Corollary 5th, and Prob* 
lem ^d. Corollary 2d, in SimpforCs Do6^rine of Annuities, 
they will be found equal to 6.949 and 19.084, which 
will reduce the value of the Reverfion to .94, or nearly 
^th of a year's purchafe below the value given in the 
{Example.— This reduced value may be proved to be ac- 
curately true from other principles. — See SimpfofC% Sele£l 
ExercifeSjProblem 35th, where a difFerentfolution isgivci^ 
of this Problem, but which agrees in the rcluh cxa^jy 
larith the above. 
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to be refcrved is 1.085.— The value of an 
Annuity on the longed of the three lives B» 
C> and C (by Problem 6th and De Moivre^ 
hypothefis) is 17.445^ and on the longeftof 
the two lives, whofe common age is that of 
C, (by the rule in page ^^ and the fame 
hypothefis) 11.683 : The latter value fub- 
tradted from the former leaves 5.762; which 
multiplied by 13 (the expeiSation of C) 
and then divided by 56 (twice the cxpedta- 
tion of A) will be equal to 1.3375 and this 
quantity added to 1.085, referved above, 
gives 2.422 for the anfwer in this cafe. 

The value of this Reverfion by the Nor-- 
tbampton Table and the approximations ia 
Problems 2d and 3d:i is 2.429. 

ExAMPj-E Third. 

Let the age of B be 20, that of C 30, and 
that of A 60 years. The value of the Re- 
verfion (by Cafe 2d) upon the fuppofition 
that C (hould die before A is 2.422,1 The 
value of the three joint lives is 6.882 j and 
both thefe added together and then fub* 
traded from 15.891 (the value of the life 
of B by Table 5th) will leave 6.587 for the 
number of years purchafe required agreeable 
to Mr. De Moivn's hypothefis. 

The 
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The fame value by the Northampton Table 
and the approximations in Problems 2d and 
3d is 6.5. 

Example Fourth. 

Let the age of B be 30, that of C 20, and 
that of A 60 years : Then fubftitating A 
for C and vice verJBy the firft value by pro- 
ceeding as in Cafe 2d will be found by Mr. 
De Moivres hypothefis equal to 1.85, which: 
added to 6.882, the value of the three joint 
lives by the fame hypothefis, and the fum 
fubtraded from 14.684 (the value of the 
life of B by Table 5th) gives 5.952 for the 
anfwer. 

By the Northampton Table and the ap- 
proximations in Problems 2d and 3d, this 
Reverfion will be found worth 5.985 years 
j^urchafe. 

Had the age of all the three lives been 6o> 
the value by Mr. De Moivre's hypothefia 
would have been equal to 1.992; by the 
Northampton Table and the approximations 
juft mentioned, it would have been equal to 
2.055 ; and by the fame Table of Obferva- 
tions (taking the values of the fingle and 
joint lives from Table 7th, Appendix, and 
the two Tables in pag. 64 and 74) the exaSi 
value would have been equal to 2.118. . 

C O R O L- 
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COROLLARY. 

From the preceding Solution the value of 
the life of B after A, provided A fhould die 
after C, may be eafily determined, the rule 
being as follows : 

Find by this Problem the value of an 

Annuity on the life of B after A, pro- 
^* vided A fhould die iefore C. Find next 
'* the value of the joint lives of A and B. 
•* Then will the fum of thefe two values 
** fubtradted from the value of the life of 
** B, be the number of years purchafe re- 
** quired,'* 



4i 



EXAMPLE. 

Let the age of B be 20, that of A 30, and 
that of C 60 years. — By Example 2d of this 
Problem it appears that the firft value, ac- 
cording to Mr. De Motvres hypothcfis, is 
2.422, and by Table 6th that the fecond 
value is 11.711. Their fum, therefore, or 
14.133, fubtrafled from 15.891 (the value 
of the life of B by Table 5th) leaves 1.758 
for the anfwer. 

The fame value by the Northampton Tabic 
and the approximations in Problems 2d and 
3d is 1.711. 

PROB- 
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PROBLEM XXVIII. 

To find the prefent worth of an eftatc of 
a given yearly value to be entered upon at 
the deceafe of A and B, provided C (hould 
furvive one life in particular (A.) 

SOLUTION. 

Find the value of the given eftate by 
Problem i6th if C fhould live till the de- 
ceafe of A. — Find next by Problem 27th 
the value of the life of B after A, provided 
C (hould furvive A. Subtract the laft value 
from the former, and the remainder will be 
the anfwer. 

The value in annual p^ymtnts till the 
claim is determined^ is the iingle payment 
divided by the value of the joint lives A 
and C. — And the value in annual payments 
till the claim becomes due (provided it fliould 
be determined in favour of the purchafer) is 
the finglc payment divided by the value of 
the joint lives A and C, increafed by the 
value of the life of B after A, provided C 
(hall have furvived A (found by Problem 
27th.) 

If the value of the eftate in one payment 
be divided by 2 A increaicd by its intereft 

for 
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for a ye^ar, the quotient will be the Value o{ 
an equivalent^;/^4 

EXAMPLE* 

Let the age of A be 30 years, that of B 
60, and that of C 20.-*^The cftate 40 /. per 

annum. 

The firft value by Problem i6thj agree- 
able to the hypothefisj is 7.427 years pur- 
chafe. The fecond value by Problem 27th 
and the hypothefis, is 1.235 years purchafc^ 
which being fubtradted from 7.427, and the 
remainder, or 6.192, multiplied by 40, wc 
have 247.68 L for the anfwer in one prejent 
payment* 

And 247.68/. divided by 1.04 (or i /. 
increafed by its intereft for a year) quotes 
238.1^ /. for the value of an equivalenty&iK< 
(or of 1 000 A) in one payment. 

The value of the joint lives of A and C 
(by Table 6th) is 11.711, and 238.15 A 
divided by this quantity quotes 20*335/. ^^ 
the value of the above fum in annual pay- 
ments to be made at the end of every year 
till the claim is determined.^^^'^'^-^^yit if tboft 
payments are to be continued in the iaxofi 
manner till the claim becomes due^ the divi^^ 
for I J. 71 1 muft be increafed by 1.23JI 

(found 
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•(found by Problem 27th) which will con** 
feqoently reduce them to 18.395/. 

The value of the e/iate in one payment by 
die NortbamptaH Table, and the approxi- 
mations in Problems ad and 3d> may be 
found equal to 248.52 /. and of the epiroa^ 
knt fum equal to 238.96 A 

PROBLEM XXIX. 

To find the value of a given fum payable 
at the death of C, provided A (hould be the 
frft^ B thtfecond^ and C the third that fails 
of the three lives A, B, and C. 

SOLUTION. 

' Case ift. If the life ofC is the ddeji of 
the three. From the perpetuity fubtrafl: the 
value of an Annuity upon the longeft of 
three equal lives whofe common age is that 
of C, and take rth the remainder. — Then 
it will be, as the produft of the comple-^ 
ments * of the two other lives is to the 
Iquarc of the complement of C, fo is the 
faid 4^th remainder to a fourth proportional^ 
t?1iich will be the number of years purchafe 
an equivalent ^ate is Worth; and this being 

* The complement is equal to twice the expe^txon« 

♦ w 

multi-^ 
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multiplied into the given fum, and the prt)« 
dudt divided by the perpetuity increafed by. 
unity» the quotient will be the anfwcr. 

Case 2d. If the life of B is the oldejl. 
From the perpetuity fubtradl the value of an 
Annuity upon the longed of three equal 
lives whofe common age is that of B^ and 

take jth the remainder.-^-*— Multiply half 

the perpetuity by i /. payable at the end of 
as many years as are expreiled by the com- 
plement of C. Then it will be, as the 
complements of A and C multiplied into 
each other are to the fquarc of the comple- 
ment of B, fo is the difference between the 

produfl: juft mentioned and tho|th remain-* 

der to a fourth proportional, which muft 
be referved. Find next by Problem 4th the 
value of an Annuity on the life of C for a 
term equal to the difference betwepn hid 
complement and that of B, which fubtra^ 

from the perpetuity and take ^ the. remain*' 

der. Then it will be, as the expodation of 
A is to the expectation of B, fo i$ tho £ttl 
remainder to a fourth proportional % which 
being multiplied into the value of i A pay<» 
able at the end of la term equal to the cqi&« 
plement of B, and added to the re/erved 
proportional, the fum Tviil be liie waaaAiti 

3 ^( 
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oiF years purchafe an equivalent ejlati is 

worth, when the |th remainder is greater 

thati the producft ; but if lefsj the referved 
proportional muft be fubtrafted, and the «- 
tnainder will be the number of years pur- 
chafe the faid eftate is worth* — The value of 
the given fuin is obtained from hence, iii 
this and the following Cafes, as in Cafe i ft. 

Case 3d. If A is the oldeji and B the 
youngift. From the perpetuity fubtraft the 
value of an Annuity upon the longeft of 
three lives whofe commoii age is that of A, 

and take ith the remainder.— -Then it will 

6 

be, as the complements of B aiid C multi- 
plied into each other are to the fquare of the 

complement of A, fo is the faid |th remain-' 

der to a fourth proportional, which muft be 
re^rved.^-^Find the value of an Annuity on 
the life of C for as many years as are expref-^ 
fed by the difi^rence between his comple- 
ment and that of A, which being fubtradled 
from the perpetuity, let the remainder be 
multiplied into the expedlation ®f A.*— Find 
next by Problem 4th, Corollary ift, the va- 
iuc of an Annuity during the term juft 
mentioned upon the longeft of two dqual 
lives whofe common age is that of C, which 
fabtraft feom tiic perpetuity, and multiply 

N the 
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the remainder by the expcdlation of C. 
Add thefe two produdts together ; then it 
will be» as the complement of B is to the 
value of I /. payable at the end of as many 
years as are expreffed by the complement of 
A, fo is the fum of the two produfts to a 
fourth proportional, which muft alfo be rt- 

ferved. Laftly, multiply the perpetuity 

into the expedlation of A, and alfo into the 
value of I /. payable at the end of as many 
years as are exprefled by the complement of 
C : divide the produdl by the expectation of 
B; then the quotient fubtradted from the 
fum of the two referved proportionals will 
give the number of years purchafe required. 
Case 4th. If A is oldejl and C youngeji. 
Find by Cafe 3d (after fubftituting there B 
for C, and C for B) the value of the given 
eftate upon the fuppoiition that B is the 
youngeft. — Then find the value of an An- 
nuity on the life of C for as many years as 
his complement exceeds that of B : Sub- 
tradt this value from the perpetuity, let the 
remainder be multiplied into i /. payable at 
the end of a term equal to the complement 
of B I add this produdt to the value found 
by Cafe 3d, and referve the fum. — ^Laftlyi 
multiply the perpetuity into the value of i/. 
payable at the end of as many years as are 

cxprcf- 
S 
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exprejQTed by the complement of C, and alfo 
into the expedation of B ; divide the pro- 
dud: by the expedation of C, and this quo* 
tient being fub traded from the referred fum, 
the remainder will be the number of years 
purchafe required. 

In either of thofe cafes the value in an-^ 
nual payments, to be continued till the 
claim is determined^ may be obtained by di- 
viding the value in one payment by an An-^ 
nuity on the joint lives of B and C^ 

If the annual payments are to be conti- 
nued till the claim becomes due ; that is, till 
the claim is determined, and afterwards till 
it becomes payable provided it fhould be de- 
termined in favour of the purchafer^ divide 
the value in one payment by the value of the 
joint lives B and C added to the value 
(found by Corollary to Problem 27th) of 
an Annuity oti the life of C after B provided 
B furvives A* 

ExAMPL-E First*. 

Let the age of A be 20 years, that of B 
30, and that of C 60.— The fum 1000 A— 

This 

* The anfwci's to thefc fouf Examples are computed 
agreeable to Mr. De Moivris hypothefis^ and are com- 
pared in Note H of the Appendix not only with the 

;\ ;.; N 2 fame 
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This Example, it is evident, belongs to 
Cafe 1 ft.— The value of an Annuity upon 
the longeft of three equal lives aged 60 (by 
Problem 6th) is 12.987, which fubtrafted 
from 25. (the perpetuity) and the remain- 
der divided by 6 becomes equal to 2.002. 
Therefore as 56 (the complenent of B) 
multiplied into 66 (the complement of A,) 
or 3696, is to 676 (the fquare of 26, the 
complement of C,) fo is 2.002 to .3661, 
which multiplied into 1000 (the given fum) 
and divided by 26 (the perpetuity increafed 
by unity) quotes 14.08/. for the anfwer in 
oneprefent payment. 

The value of the joint lives B and C (by 
Table 6th) is 7^JJ()i hence 14.08/. divided 
by this value gives 1.81 /. for the annud 
payments till the claim is determined ^ .^^ 
The value of the life of C after B^ provided 

(ame values in ixa£f conformity to thtNoribMmptmTMt 
of Obfervations, and alfo with the values calculated from 
this Table and the rules in Problems 2d and 3d for ap- 
proximating to the ilngle and joint lives ; but likewife 
with the values as they are derived from a difierent invef- 
tigation of the Problem. 

* The aunual payments in thofe Examples are fup- 
pofed to be made at the end of every year. If they are to 
be made at the beginning of each year, unity muft be ad- 
ded to the number by which the (ingle payment is di- 
vided. 

c B fur- 
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B fiirvives A, may be found by Corollary to 

Problem 27th equal to .ii, which being 

added to 7.779 and 14.08/. divided by their 

fum, we fhall have 1.784/. for the value 

in ^/r/xzA}/ payments till the chim iecomes 
due. 

Example Second. 

Let the age of A be 20, that of B 60, 
and that of C 30 years. — The fum 1000/. 
— By following the fteps direfted in the firft 
part, of Cafe 2d the i th remainder will be 

found equal to 2.002* Half the perpetuity^ 
or 12.5^ multiplied into .iii^ the value of 
I /. (by -Table i ft) at the end of 56 years, 
is equd to 1.3875. As, therefore, 3696 is 
to 676 fo is .6x45 (the difference between 
2*002 and 1.3875) to .1123, which muft 
be referved.-^lihc value of an Annuity on 

the lift of C for (56 — 26=:) 30 years will 
be found (by Problem 4th) equal to i3*393» 
which fubtradted from 25 and divided by .2 
quotes 5.803. Hence as 33 (the expecta- 
tion of A) is to 1 3 (the expe<aation of B) 
fo;ls 5*803 to 2.286, which multiplied into 
,3607, the value of i /. (by Table ift) at 
the end of 26 years, is reduced to .8246 $ 
and this added to .U23, refervid above* 

N 3 gives 
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gives .9369 for the number of years pur- 
chafe an eftate is worth. Confcquently thd 
value of the propofed fum in one prtfent 
payment is 36.035 /.; which divided by 
7.779 (the value of the joint lives of B and 
C by Table 6th) quotes 4.632 /, for the 
value in annual payments till the claim is 
determined. — And 36.035/. divided by 7.779 
added to .953 (the value of the life crf'C 
after B provided B furvives A by Corollary 
to Probleni 27th) quotes 4,127/. for the 
annual payments till the claim becomes due^ 

Example. Third, 

Let the age of A be 60, that of B 2o> and 
that of C 30 years. The fum 1000/.-^ 
By proceeding agreeable to the Solution in 
Cafe 3d, the firft proportional to be rejerved 
appears to be ,366 j . — ^The value of C's lifp 
for 30 years is 13.393, which fubtFa£ted 
from 25, and then multiplied by 13 (thq 
cxpeftation of A) is eaual to 150.891.--^ 
The value of the longeft of two equal lives 
aged 30 for 30 years will be fqund (by Co^ 
rollary ift to Probleni 4th) equal to i6,025, 
which fubtradted from 25 and multiplied 
by 28 (the exppdlation of C) is equal to 
?5^ -3 -"^Therefore, as 66 (the complement 
pf B) is to .3607 (the value of i A by Tabic 
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ift, at the end of 26 years) fo is 402.191 
(the fum of 150.891 and 251.3) to 2.198, 
which is the fecond proportional to be r^- 
ferved. Laftly, 25 multiplied into .111 
(the value of 1/. at the end of 56 years) and 
alfo into 1 3 (the expedation of A) produces 
36.075, which divided by 33 (the expec- 
tation of B) is reduced to 1.09 31 i and this 
quotient fubtraded from 2.5641 (the fum 
of the two referred proportionals) leaves 
1,471 for the number of years purchafe an 
eftate is worth. Confequently 56.577 /. is 
the value of the given fum in one prefent 
payment; which being divided by 1 1.7, the 
value of the joint lives B and C by Table 
6th, quotes 4.835 /. for the value in annual 
payments till the claim is determined. — And 
$6.^yy L diyided by 11.7 added to i.i2 (the 
value of the life of C after B provided B 
furvives A by Corollary to Problem 27th) 
quotes 4.413 /. for the annual payments till 
the claim becomes due. 

Example Fourth. 

Let the age of A be 60, that of B 30, and 
that of C 20 years. The fum 1000 A— 
By fubftituting C for B and vice verja^ the 
prefent Example belongs to Cafe 3d, and 
the value of an ejiate on fuch a fuppofitio?i 

N 4 appears 
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appears to be 1.471 years purchafe,— -Let 
fvpw the fymbo}s reprefent the ages as abovCi 
and it is converted into an exajpaple of thQ 
fourth Cafe. — The value of an Annuity (by 
Problem 4th) on the life of C for (66— 56 =) 
lo years is 7.474> which fubtrad:ed from 
25» and multiplied into .111 (the value of 
j/. by Table ift, at the end of 56 years) 
becomes equal to 1.9454 ; therefore the fun) 
to be refervedis 3.4164.1— The value of i /, 
at the end of 66 years (by Table ift) is .075, 
which multiplied into 25 and alfo into 28 
(the expectation of B) produces 54.5 5 an4 
this divided by 33 (the expedtation of C) 
quotes 1. 65 1 5. Confequently 1,7649 is 
the number of years purchafe an e/iate is 
worth, and 67.881 /. is the value of the 
given fum in one prefent payment. 

If 67.881 /. be divided by 11. 7, the va-» 
lue of the joint lives B and C by Table 6th, 
we fliall have 5.802 /. for the value in 42»- 
fiual payments till the claim is determined. 

And if it be divided by 11.7 added to 
1.76 (the value of the life of C after B 
provided B furvives A by Corollary to Prob- 
lem 27th) we (hall have 5.043/. for the va^^ 
lue in annual payments til| the claim ^<f 
(mes4^e, 
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PROBLEM XXX, 

B if he fiirvives A in a given number of 
ytfars (not exceeding the complement of the 
oldefl of the thrte lives,) is to receive a 
given fum, in cafe C is then extindt; to 
determine the value of hi§ expe<3;ation in 
prefent money, 

SOLUTION, 

Pivide the fum of the decrements in the 
Table of Obfervations from the age of C for 
the given term by the term ; and by this 
quotient divide the number of the living in 
the Table at the age of C ; and this fecond 
quotient call the complement of the life of 
C for the given tetm. — Find in the fame 
manner the complement of the life of A for 
the given term. 

From the value of an Annuity on the life 
pf B for the given term (found by Problem 
4th) fubtraift the valu^ of the joint lives of 
B and C for the fame term (found by Co- 
rollary I ft to Problem 4th,) Multiply the 
remainder by the given fum, and divide the 
produdt by the complement of A for the 
given term^ referving the quotient.— Mul- 
tiply the given fum by the value of an An- 
nuity 
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nuity on the life of B for the given term aad 
divide the product by double the comple- 
ment of A for the given term multiplied 
into the complement of Q for the given 
term i and the quotient fubtrafted from the 
laft refervid quotient will be the anfwer *. 

EXAMPLE, 

Let the age of A be 40, that of B 30, and 
that of C 50, the term 16 years, the fum 
1000/. and the Table of Ohfervations the 
Northampton Table, or Table 3d> Appendix. 
The fum of the decrements in the Table for 
16 years from 50, or the age of C, is 129, 
which divided by 16 (the given term) quotes 
8.06. The number living at 50 is 284, 
which, divided by 8.06, gives 35.23 for the 
complement of the life of C for the given terra. 
—In like manner it may be found that the 
complement of A for the given -term is 45. 

By Problem 2d the value of the life of B 
IS 14.791 and of a life 16 years older 12.088; 
and confequently (by Problem 4th) the va- 
lue of the life of B for 16 years is 10.086.— 
In the fame manner, the value of the joint 
lives of B and C (by Problem 3d and Co- 

^ See what is faid of the Solution of this and th^ 
following Problem? in note I, Appendi^c, 

rollary 
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rollary ift to Problem 4th) for 16 years may 
be found to be 7.990.— The difference be- 
tween thefe two values (or 2.096) multiplied 
into 1000 and divided by 4^ (the comple- 
ment of A for 16 years) gives 46.577 for the 
quotient to be re/erved- — T^tit fum 1000 /t 
multiplied by 10.086, and the prod u6t di- 
vided by twice the produd: of 45 into 35.23 
gives .318; which fubtradted from 46.577 
leaves 46.259 /. the apfwer *, 

iV:j5. In 

» 

# The folutions of this and all the following Problems 
are confined to a term of years not exceeding the com- 
plement, for the whole duration, of the oldeft life. Thefe, 
however, are abundantly fufEcient, as it is never likely 
to happen that the values will be required for a longer 
term ; and the folutions become fo extremely complicated 
when they are extended further, that I have entirely 
qgl^itted them. 

The values, likewife, are only given in on'! prefent 
payment, being apprehenfive of rendering the work too 
tedious by giving them in annual payments ; efpecially 
as they may be fo eafily obtained from the folutions of the 
correfponding values for the whole continuance of the lives, 
where no other variation is neceffary, than to find the 
values of the Annuities (by which the fingle payments 
are tp be divided) for the given term^ inftead of finding 
jthem for the whole duration of life. — Thus in the prefent 
cafe ; it appears from the folution of Problem i8th that 
the value in annual payments is found by dividing the 
fingle payment by an Annuity on the joint lives of A 
and B for 16 years. The value of this Annuity (by 
Iporollary ift to Problem 4th and the Northampton Table 

of 
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N. B. In this Example the values of the 
£ngle and joint lives have been calculated 
by the rules in Problems 2d and 3d, taking 
the complements of the lives in (IriA agree- 
ment to the Northampton Table ; or 56.76 
and 35.88 for the ages of 30 and 50, and 
39.74 and 2o«54 for the ages of 46 and 66. 

PROBLEM XXXI. 

To find the value of a given fura payable 
if A fliould be th^jirji that fails of the thrtc 
lives A, B, and C, in a given number of 
years, not exceeding the complement of the 
oldeft life. 

SOLUTION, 

Find firft^ in the manner directed in the 
laft Problem, the complements of the lives of 
A, B, and C for the given /^r/w.— Then, 
from the perpetuity fubtraft the value of the 
longeft of two equal lives whofe common 
complement, for their whole duration, is 
the given term (found agreeable to the hy- 

of Obfervations) is 8.476 ; therefore the value of the 
given fum in annual payments (to be made at the end of 
each year) is 5.457 '• 

In general, the values of thofe Reverfions for terms 
are fo inconfiderable in Jingle payments, that it cam 
hardly be worth while to diminifb them by annual ones« 

potbefis 
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pothefis of an equal decrement.) Multiply 
balftht remainder into the fum of the com- 
plements of B and C for the given term, 
and referve the produdt. — Subtrad: the value 
(found by Problem 6th and agreeable to the 
hypothefis of an equal decrement) of the 
longeft of three equal lives, whofe. common 
complement for the whole duration is the 
given term, from the perpetuity. — Multiply 
one third of the remainder into the given 
term, and let this product alfo be referved. 
—Then fay, as the complements for the 
given term of A, B, and C multiplied into 
each other are to the fquare of the given 
term, fo is the difference between the two 
referved produfts to a fourth proportional ; 
which being multiplied into the given fum, 
divide the produft by the perpetuity in- 
creafed by unity, and referve the quotient, 
•—Find by Problem 9th the value of the 
given fum at the death of A, fhould that 
happen in the given term ; fubtradl the 
r^rvtf^ quotient from this value, and the 
remainder will be the anfwer. 

EXAMPLE. 

N 

Let the age of A be 30, that of B 40, 
and that of C 50. — -The term 16 years, and 
the propofed fum 1000/. — By the rule in 

page 
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page K^t^ the value of the longeft of twd 
equal lives whofe complemeot is i6, (oi* 
whofe age by De Moivres hypotbefis is 70) 
is 8.026; which fubtraded from 25 (the 
perpetuity) and half the remainder, or 
8.487, multiplied into 80.23 (the fum of 
the complements of B and C for the given 
term by Table 3d) gives 680.91 for the 
produdl to be referved* — By Problem 6th and 
Tables 5th and 6th, the value of the longeA 
of three equal lives whofe common comple« 
ment is x6, or age 70, is 8.971. This 
being fubtradted from 25 (the perpetuity) 
and divided by 3 quotes 5.3431 which mul- 
tiplied into 16 gives 85.488 for the fecond 
produdl to be referved. — Hence, as 93.504* 
(the produdt of the three complements of 
A, B, and C for the givea term) is to 256 
(the fquare of 16) fo is 595.43 (the diffe- 
rence between the two referved ^vodM&s) to 
J. 630 : which being multiplied into 1000, 
and divided by 26 (the perpetuity increafed 
by unity) gives 62.70 for the quotient to 
be referved.-^^-BY Problem 9th the value, by 
the Northampton Table, of the given fum 
at the death of A, fhould that happen in 161 

♦ The complements of the lives of A, B, and C for 
16 years are (by Table 3d) refpcftively equal to 58.9(^9 
—4S,— and 35.23. 



Assurances^ REvfiitsioNdy &c. 191 

years, is T95*7» which being leflened by 
62.70, we have 133/. for the value re- 
quired in oneprefent payment. 

SCHOLIUM. 

In finding the values of the longeft of two 
or three equal lives, or of three joint lives, 
it is neceffary to be poffefled of the values of 
fingle lives and two joint lives ; and thefc 
values, whenever neceffary to be obtained 
for that purpofc in folving the preceding 
Problem and all that follow, fhould be taken 
cither from Tables of the values of fingle 
and joint lives by Mr. De Moivres hypb- 
thefis, or computed agreeable to the hypo- 
thefis of an equal decrement, taking thfc 
term for the complement, by the rules in 
Problems 2d and 3d. — ^When not neceffary 
to be obtained for the purpofe of finding the 
values of two or three equal lives in folving 
thefe Problems, they fhould be tgken agree- 
able to the Table of Obfervations ufed (or 
as nearly fo as poflible from the rules in 
Problems 2d and 3d) taking double the ex- 
pedtation (found by Problem ift) for the 
complement. 
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PROBLEM XXXIL 

To find the value of a given fum payable 

at the ^cath of A, fliould his life be the 

fecond that fails of the three lives A, B, and 

Ct in a given number of ycars^ not exceed^ 

ing the complement of the oldeft life. 

SOLUTION. 

Firft find the complements of the lives of 
A, B, and C for the given term as direfted 

in Problem 30th. From the perpetuity 

fubtraft the value of an Annuity on the 
longeft of two equal lives whofe common 
complement for their whole duration is the 
given term. Multiply halftht remainder into 
the fum of the complements of B and C (juft 
found) and referve the produdt. — Subtract 
the value of an Annuity on the longeft of 
three equal lives, whofe common comple- 
ment for their whole duration is the given 
term, from the perpetuity : multiply one 
third of the remainder into twice the given 
term, and let this product alfo be referved. 
T— Then fay, as the complements for the 
given term of the three lives A, B, and C, 
multiplied by one another, are to the fquarc 
of the given term, fo is the diference of the 

two 
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two referved products to a fourth propor- 
tional, which being multiplied into the 
given fum, and divided by the perpetuity 
increafed by unity, will give the value 
fought. 

EXAMPLE. 

Let the age of A be 30, that of B 40^ 
and that of C 50. The term 16 years, and 
the propofed fum idob/. — By proceeding in 
the fame manlier as in the Example to 
Problem 31ft, the firft prodiid: to be re- 
Jerved will be found equal to 680.91, and 
the fecond produ6l to be referved equal to 
170. 975. Therefore as 93504, the three 
complements for the given term (by Table 
3d) multiplied into each other, is to 256 
(the fquare of 16) fo is 509.934 (the diffe-^ 
rence of the two referved produds) to 1.396 i 
which being multiplied into 1000, and theii 
divided by 26 (the perpetuity increafed by 
unity) gives 53.7/. for the anfwer in one 
prefent payment* 

PROBLEM XXXIIL 

To find the value of a given fum payabld 
at the death of A, fhould his life be the laji 
that fails of the three lives A, B, and C, 

in 
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in a given number of years not exceeding 
the complement of the oldeft life. 

SOLUTION. 

Find the complements of the lives of A, 
B, and C for the given term as directed in 
Probkm 30th, — From the perpetuity fub- 
tradl the value of an Annuity on the longefl: 
of three equal lives whofe common com- 
plement for their whole duration is the 
given term, and take one third of the re- 
ipainder : Then it will be, as the product 
ariiing from the complements, for the given 
term, of A, B, and C multiplied into each 
other, is to the cube of the given term, fo 
is the one third remainder to a fourth pro- 
portional ; which being multiplied into the 
given fum, and then divided by the perpe- 
tuity increafed by unity, will give the value 
required. 

EXAMPLE. 

Let the age of A be 30, that of B 40^ 
and that of C 50. The term 16 years. 
The fum 1000/. — By Problem 6th and De 
Moivre's hypothefis, the value of three equal 
lives aged 70 is 8.971, which fubtradled 
from 25 (the perpetuity) and the remainder 

divided 
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divided by 3 gives 5.343. Therefore as 
93504 (the produdl of the complements 
of A, B, and C for the given term by 
Table 3d) is to 4096 (the cube of 16) fo 
is 5.343 to *234* Confequently 9/* is the 
value in one prefent payment. 

PROBLEM XXXIV. 

To find the value of ^ given fum payable 
at the extindion of the lives of A and B^ 
fhould they be the Jirjl that will fail of the 
three lives A, B, and C, in a given number 
of years not exceeding the complement of 
the oldeft life« 

SOLUTION. 

Find the complements of the lives of A^ 
B and C for the given term as directed in 
Problem 30th. Find next by the rule in 
page t^i the value of the longeft of two 
equal lives whofe common complement for 
their whole duration is the given term* 
Subtradl this value from the perpetuity; 
then it will be, as the produdt, arifing from 
the complements of the three lives for the 
given term multiplied by one another, is to 
this remainder, fo is the fquare of the given 
term to a fourth proportional, which mud 

Q % be 
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be referved.^—Agsin ; find by Problem 6th 
the value of the longeft of three equal lives 
whofe common complement for the whole 
duration is the given term. Subtract this 
value from the perpetuity, and take two 
thirds of the remainder. Then fay, as the 
produd:, arifing from the three complements 
for the given term multiplied into each other, 
is to the two third remainder, fo is the cube 
of the given term to a fourth proportional, 
v/hich being fubtrafted from the referved 
proportional, let the remainder be multi- 
plied into the given fum ; and this produd:. 
divided by the perpetuity increafed by unity, 
w^ill give the value required. 

EXAMPLE. 

Let the age of A be 30, that of B 40, 
and that of C 50. — The term 16 years, and 

the propofed fum looo/. The value of 

two equal lives aged 70 (or whofe common 
complement, by the hypothefis, for the 
whole duration is 16) may be found equal 
to 8.026, which being fubtrafted from 25 
(the perpetuity) leaves 16.974. Therefore 
as 2654 (the produd of the complements of 
A and B for the given term by Table 3d) is 
to 16.974, fo is 256 (the fquare of 16) to 
1.633, the proportional to be referved. ---^ 

5 The 
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The value of the longeft of three equal lives 
aged 70 is 8.971, which fubtradled from 

25, and the remainder multiplied into - , 

gives 10.686. Hence as 93504 (the pro- 
duct of the three complements for the given 
term into each other) is to 10.686, fo is 
4096 (the cube of 16) to .468. — And .468 
fubtradled from 1.633 (the re/erved pvopor^ 
tional) leaves 1.165; which being multi- 
plied into 1000, and then divided by 26, 
quotes 44.808/. for the anfwer in one prefent 
payment. 

PROBLEM XXXV. 

To find the value of a given fum payable 
at the death of A and B, (hould their lives 
be the loft that will fail of the three lives A, 
B, and C, in a given number of years not 
exceeding the complement of the oldeft life, 

SOLUTION. 

This Problem reftrifted, as above, to 2^ 
number of years not exceeding the comple- 
ment of the oldeft life, is anfwered in the 
fame manner with Problem 33d. 



O 3 PR OB- 
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PROBLEM XXXVL 

To find the value of a given fum payable 

at the death of A^ (hould his life be the 

Jirjl ovfecond that fhall fail of the three lives 

Af B, and C in a given number of years not 

exceeding the complement of the oldeft life, 

SOLUTION. 

Find by Problem 33d the value of the 
given fum payable if A (hould be the loft 
that dies of the three lives in the given term« 
Subtract this from the value of the given 
fum (found by Problem 9th) payable at the 
death of A fliould that happen in the given 
term; and the remainder will be the an- 
fwer. 

EXAMPLE. 

Suppofe the age of A to be 30, that of B 
25, and that of C 15. — The term 10 years, 
and the propofed fum 1000/, — The firft value 
by Problem 33d may be found equal to •815, 
and the fecond value by Problem 9th and 
the Northampton Table, equal to 130,115, 
Their difference therefore, or 129.3/, i« the 
anfwer in one prefent payment. 

PROB- 
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PROBLEM XXXVII. 

To find the value of a given fum payable 
at the death of A, if his life fhould not be 
the fecond that fails ; that is, if it £hould 
be the Jirjl or laji that (hall fail of the three 
lives A, B, and C in a given number of 
years not exceeding the complement of the 
oldeft life, 

SOLUTION. 

Find by Problem 3 2d the value of the 
given fum provided A (hould be the fecond 
that dies in the given term ; fubtrad: this 
value from the value of the given fum (by 
Problem 9th) payable at the death of A 
fliould that happen in the given time, and 
the remainder will be the anfwer. 

EXAMPLE. 

Let the age of A be 30, that of B 25, 
and that of C 15. The term 10 years, and 
the propofed fum looo/. — The firft value 
(by Problem 3 2d) may be found equal 
to 16.065 ; and the fecond value (by Prob- 
lem 9th and the Northampton Table) equal 
to 1 30. 1 1 5, Confequently 114.05/. is the 
anfwer in one prejent paymenjt. 

O 4 P R O B- 
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PROBLEM XXXVIII. 

* 

To find the value of a given fum payablo 
at the death of A, if his life fliould not be 
the firft that fails ; that is, if it fhoqld be 
thtfecond or third that fhall fail of the three 
lives A, B, and C in a given number of 
years not exceeding the complement of the 
oldefl life, 

SOLUTION. 

Find by Problem 31ft the value of the 
given fum if A (hould be the Jirjl that dies 
in the given time. Subtrafl: this from the 
value of the fum (by Problem 9th) payable 
at the death of A, (hould that happen in 
the given time 3 and the remainder v^rill be 
the anfwer. 



EXAMPLE. 

Suppofe the age of A to be 30, that of 
B 25, and that of C 15. The term 10 
years, and the propofed fum loooA — The 
firft value (by Problem 31ft) may be found 
equal to 1 13.23 3 and the fecond value (by 
Problern 9th and the Northampton Table) 
pqqal to 130. 11 5. Their difference there- 
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fore, or 16,885/, is the value required in 
^ne prefent payment. 

PROBLEM XXXIX- 

To find the value of a given fum payable 
Gt the death of C, provided A fliould be the 
£rft, B the fecond, and C the third that fails 
of the three lives A, B, and C, in a given 
jiumber of years not exceeding the complex 
ment of the oldeft life, 

SOLUTION. 

Find by Problem 33d the value of the 
given fum payable at the death of C, fhould 
his life be the laft that fails of the three lives 
in the given time ; and half this value will 
be the anfwer, 

EXAMPLE. 

Let the age of A be 50, that of B 40, 
and that of C 30. The term 16 years, and 
the propofed fum lOooA— By Problem 33d 
the value of the given fum at the death of 
C, (hould his life be the laft that fails in the 
given time is 9/. — Confequently 4.5/. is the 
value required in the prefent cafe in one 
payment, 

PROB- 
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PROBLEM XL. 

To find the value of an Annuity on the 
life of B after A, on the particular condition 
that A's life when it fails fhall fail i^ter the 
life of C, and alfo in a given term of years 
not exceeding the complement of the oldeft 
life. 

SOLUTION. 

Find the complements of A and C for the 
given term as diredled iq Problem 30th.— 
Let D reprcfent the life whofe complement 
is the given term. Then find (by Problem 
6th) the value (on the fuppofition of aa 
equal decrement of life) of the three lives 
B, D, and D, taking double the expedka- 
tion of B, according to the Table of Obfer- 
vations, for its complement *. Find alfo 
by the rule in page 55 the value of the longeft 
of two equal lives whofe complement is that 
of D. Multiply halfih^ difference between 
thofe values into the fquare of the given 
term 5 and the produdl, divided by the com- . 
pkments of A and C for the given term 

♦ In all the following Examples the expe£IaUon of life 
is taken from Table 4th, and the complements for the 
given term arc computed from Table 3d, Appendix. 

5 drawn 
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drawn into each other, will give the number 
of years purchafe required. 

EXAMPLE. 

Let the age of A be 40, that of B 30^ 
and that of C 50. The term 16 years.— 
In this cafe the age of D is 70, — By Prob- 
lem 6th and under the reftridions mentioned 
above, the value of an Annuity on the longed 
of three lives aged 70, 30, and 70 hi^^.yzn.. 
By the rule in page ^^ the value bf the 
longeft of two equal lives aged 70 is 8,026: 
i)alf the difference, therefore, between thefc 
two values is 3.589, which being multiplied 
into 256 (the fquare of 16) and then di- 
vided by 1585.35 (the produdt of the com- 
plements of A and C for the given term into 
each other) gives .579 for the number of 
years purchafe required. 

COROLLARY. 

If the Annuity after the Survivorfliip 
mentioned in this Problem, is to be conti- 
nued on the life of B only for the remainder 
(^ the given term^ inftead of the ijohole dura-- 
tion of the faid life; the value will be deter-t 
mined as follows : 



iC 
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*^ From the value of an Annuity certain 
for the given term (found by Table 2d) 
fubtradt the value of an Annuity on the 
longeft of two equal lives of the age of 
D (found by the rule in page s^) and 
referve the remainder. — Multiply the dif- 
ference, between the value of an Annuity 
certain for the given term and the value of 
an Annuity on the longeft of three equal 
lives of the age of D, (found by Problem 
6th) into the given term. Divide the pro- 
duct by the complement of B for the given 
term, and take i&^^' the diflference between 
this quotient and the referved remainder. 
— Then fay, as the complements of A and 
C for the given term drawn into each 
other are to this ^6^^)^ difference, fo is the 
fquare of the given term to a fourth pro- 
portional, which will be the anfwer/' 

EXAMPLE. 

Let the ages of A, B, and C be refpec- 
tively 40, 30, and 50. — And let the term 
alfo be 16 years. The value of an Annuity 
certain for 16 years is 11.652. The value 
of the longeft of two equal lives aged 70 is 
8.026. The remainder to be referved, there- 
fore, is 3.626. — The value of the longeft 
of three equal lives aged 70 is 8.971, which 

fub- 
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fubtrad:ed from 11.652 leaves 2,68i. This 
difference being multiplied into 16 (the 
given term) and then divided by 58.98 (the 
complement of B for the given term) quotes 
•727 ; which again ,fubtra(5ted from 3.626, 
referred above, and the remainder divided 
by 2, M^e have 1*449. — Hence as 1585.35 
(the complements for the given term of A 
and C drawn into each other) is to 1.449 
fo is 256 (the fquare of 16) to .234,. the 
number of years purchafe required. 

PROBLEM XLL 

To find the value of an Annuity on the life 
of B after A, on the particular condition 
that A'fe life when it fails, (hall fail before 
the life of C, and alfo in a given number of 
years not exceeding the complement of the 
oldeft life. 

SOLUTION. 

Find by Problem 40th the value of an 
Annuity on the life of B after A, on condi* 
tion that A's life fliall fail after C within 
the given term.- Let D, as before, re- 
prefent a life whofe decrements are equal, 
and whofe complement for the whole dura- 
tion isu the given term ; then fubtracl the 

value 
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value of the two joint lives B and D {hy 
Problem 3d) taking double the expedtation 
of B by the Table of Obfervations for its 
complement, from the value of an Annuity 
on the fingle life of B. Multiply the re-* 
mainder into the given term, and divide the 
product by the complement of A for the 
term (found by the rule in Problem 30th.) 
•—The difference between this quotient and 
the value firft found will be the number of 
years purchafe required. 

EXAMPLE. 

Suppofe the age of A to be 40, that of B 
30, and that of C 50. The term 16 years« 
The firft value, by Problem 40th, appears to 
be .579.— By Problem 3d the value of the 
joint lives D and B (the age of D being in 
this cafe 70) is 5*55, which fubtradled from 
14.79 (the value of the life of B by Prob- 
lem 2d) leaves 9.24. This remainder be- 
ing multiplied into 16 (the given term) and 
then divided by 45 (the complement of A 
for the given term) quotes 3. 28 5, Confer- 
quently 2.706 is the number of years pur- 
chafe required. 
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> 

COROLLARY. 

When the Annuity is to be continued on 
the life of B only during tJbe remainder of the 
given term after the Survivorfliip propofed 
in this Problem, inftead of being continued 
during the whole of the faid life, the valutf 
will be determined as follows : 

From the value of an Annuity on the 
life of B for the given term (found by 
Problem 4th) fubtradt the Value of an 
** Annuity on the joint lives of A and B 
for the given term (found by Corollary 
ill to Problem 4th) and refer ve the re- 
'* maindcr,— — Find next by the Corollary 
** to Problem 40th the value of an Annuity 
** on the life of B after A on condftion that 
the life of A fhall fail after C within tho 
given term; which value being fubtradted 
froni the referved remainder will give the 
** anfwer in this cafe." 

EXAMPLE. 

The ages of A, B, and C being refpec- 
tively 40, 30, and 50, let the term be 16 
years. — The value of the joint lives of A 
and B for 16 years (by Corollary ift. Prob- 
lem 4th^ and taking double the expectations ' 

of 
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of the lives by the Northampton Table fbf 
their complements) is 8.476; and the va- 
lue of the lingle life of B for the fame term 
(by Problem 4th) is 1 0.072, Therefore 
1.596 is the remainder to be referved. — By 
the Corollary to Problem 40th the fecond 
value appears to be .234 ; vs^hich being fub- 
trafted from 1.596, leaves 1.362 for the 
number of years purchafe required^ 

PROBLEM XLIL 

To find the prefent vrorth of an eftate of 
Annuity to be entered upon at the deceafe 
of A and B, provided both of them (hall 
die in a given term not exceeding the com- 
plement of the oldeft of the three lives, 
and that C fliall furvive one of them in par- 
ticular (A). 

S O L U T I O N, 

Find the complements of A, B, and C for 
the given term as diredled in Problem 30th, 
and let D, as in the two preceding Prob- 
lems, reprefent a life vs^hofe complement for 
the whole duration is the given term, and 
whofe decrements are equal.- — Then find by 
the rule in page 55 the value of an Annuity 
on the longeft of two equal lives of the age 

of 
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of D, which value being fubtraded from 
the perpetuity, multiply the remainder into 
the fquare of the given term ; and dividing 
the produdl by the complements of A and B 
for the given term drawn into each other, 
let the quotient be referred. 

Find next by Problem 6th the value of an 
Annuity on the longeft of three equal lives 
of the age of D ; fubtraft this value from 
the perpetuity, and take half tht rerftainder. 
Then fay; as the complements of A, B, and 
C for the given term multiplied into each 
other, are to this ^^^ remainder, fo is the 
cube of the given term to a fourth propor- 
tional; which being fubtrafted from the r^- 
ferved quotient will give the anfwer *. 

EXAMPLE. 

Let the age of A be 40, that of B 30, 
and that of C 50. The term 16 years.-— 
Here the age of D being 70, the value of 
an Annuity on the longeft of two fuch equal 

* In this and the two preceding Problems it may be 
obferved that the Solutions are confined to the values of 
reverfionary ejfates or annuities. But the values of rever- 
iionary fums are very eafily obtained from hence, only 
^^ by multiplying the number of years purchafe into the 
<^ given fum, and then dividing the produdl by the per- 
^ petuity increafed by unity." 

P lives 
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lives is 8.026.— The difference between this 
value and 25 (the perpetuity) being multi- 
plied into 256 (the fquare of ,16) becomes 
equal to 4345.344; and this product divided 
by 2614 (the complements of A and B for 
the given term drawn into each other) gives 
1.662 for the quotient to be referved. — The 
value of the longeft of three equal lives aged 
70 is 8.971, and halftht difference betvvreen 
this value and 25 (the perpetuity) is 8.014. 
Hence as 93504 (the produdl of the com- 
plements of A, B, and C for the given 
term) is to 8.014 fo is 4096 (the cube of 
16) to .351. And .351 fubtradted from 
1.662 (the referved quotient) leaves 1.3 11 
for the number of years purchafe required. 
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Note (A). See Chap, id, Page ^j. 

LET r be I /. increafed by its intereft for a 
year, b the number of the living in the Table 
oppofitc to the prefcnc age of the given life, and 
f, rf, t^ &c. the numbers of the living at the end 
of I, 2, 3, &c. years from his prcfent age. Then, 
from what has been faid in page 43, the value of an 

c d e 
Annuity on this life will be t- + 7-7 + 7-7&C. &c 

— Call this value N. — Let a fignify the number of 
the Jiving in the Table oppoGte to the age of a 
perfon one year younger than the given life, and 
it follows that the value of an Annuity on the 
life of this younger perfon will be exprcflcd by 

^ + -^ + A + -rq:* &c. But this feries is 



or 



qr^ 



ar 



ar 



equal to 



ar 



X I + 



c 
Ir 



+ 



d^ 



&c. r: — X 
or 



I + N agreeable to the theorem in page ST* 
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Nott (B). See Chap. 2d, Page 58. 

In the cafe of the youngeji life, it is evident 

there is no other difference between the operations 

in this rule and the theorem in note (A), than that 

thofc in the former are begun at the laft year and 

continued upwards to the firft year of life, and that 

thofe in the latter are begun at the firft year and 

continued downwards to the laft year of life. Let 

a^b, Cy d, e, z exprefs the numbers of 

perfons at all ages in the Table, n the difference 

between the ages of the youngeft and oldeft life, 

and r I /. increafed by its intereft for a year.— r- 

Then will the value of the youngeft life by the 

b c d e 

theorem be 1 H H , &c. + 

ar ar ar^ ar^ 

— ; and by the Rule the fum of all the values of 

I /. payable if this life exifts to the feveral ages of 

z y 

the oldeft, 2d, 3d, 4th, &c. lives is 1 r 

ar" ^^*" 

H r H .—The value 



ar"^^ ar^-^i ar 

of an Annuity found by the theorem is, in the prc- 
fent inftance, to be multiplied by unity, and wlHi 
therefore, remain unaltered, and be juft the fame 
with the value found by the Rule. 
Again ; the value of a life one year older by the 
c d e z 

tr br* br^ br*^ 

iwkich being multiplied by the value of i /. payable I 

if I 
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if the youngeft life fhould continue one year, or 

by — , IS equal to— - H H + 

— , Now the fum of the values of i /. payable if 

the youngeft life ftiould cxift to the age of the 
oldeft and all the intermediate ages between it and 
a life one year older than the youngeft, is exprefled 
by the fame fradlion in a contrary order, or by 

— + -4-; + 1 + —--The va- 

air ar""^ ar"'^'' ar 

lue of a life two years older by the Theorem is 

d e f z 

1 T H — r "1 :» which being 

cr cr* cr^ cr"--^ ^ 

multiplied by 1 /. payable if the youngeft life ex- 

c . /. d ^ e 

— • , is equal to 1- — 

ar* ar^ ar^ 

— H ; and this is cafily determined 

ar^ ar" 

to be the fum of all the values of i /• payable if the 

youngeft life exifts to the age of the oldeft and all 

the intermediate ages between it and a life 'two 

years older than the youngeft. — Laftly, the value 

of an Annuity on the oldeft life but one is equal to 

— , which being multiplied by the value of i /• 

payable if the youngeft life exifts to this age, or 

y z 

by — ^=^— , is equal to -^ ; and this is evidently the 

value of 1 /. payable if the youngeft life exifts to 

the age of the oldeft. From hence the truth of 

the rule is manifcft. 

P 3 Note 



ifts two years, or by — , is equal to 1- — ^4- 
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Note {Q). Problem X. Page iiy. 

The truth of this folution will appear from the 
following demonftration. Suppofe the amount re- 
quired of 56 or (n) Annuities, 'each i /, on s^ (or 
n) lives all aged 30. — In this cafe, as one life will 
drop every year by De Moivre*s hypothefisf, the 
amount of the feveral Annuities will be as follows \ 

Annuity 
I. -O 

I.---- I + ^ *• 

I.- — I + r + r^. 

!•-*-- 1 4-r -h r* H- r'. 

&c. &c. &c. &c. &c. to n terms. 



Sum56--»— !.+» — 2.r+» — 3,r*-f» — 4.r*,&c, 
= the amount of all the Annuities, or of n Annui- 
ties on n lives aged 30. — Therciore the amount of 
one Annuity of i /. on one life aged 30 muft be 

n-^i + n — 2. r + n — 3. r% &c. divided by «, or 

• 1 — -rX r + — ^ X r*, &c. to n terms. — In 

n n n 

order to fum up this feries it may be rcfolved into the 
two following ones ; 1 + r'\-r''-\'r^ r"^^ and 



. XI+ 2r + 3r*+4r' + »r^'i The 

n 

firft of thefe is eafily found equal to ^ , and 

r — 1 

t Sec this hypothefifi explained in a note, page 3. 
* r denotes i /. incrcafed by its intcrcft for a year. 

6 the 
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the feCond equal to . ■ . Confe- 

r — I n. r — il ' 

quently the whole amount of the Annuity will be 

r* — I I 

exprefled by — — — ■ , which is the 

». r— Jl * r^-^i 

general rule. 

Dr. Price in the Philofophical Tranfadions 
(Vol 66y No. 6.) has given the different methods 
of determining the values of Annuities certain, and 
Life- Annuities pay able j^wr/;', half yearly^ quarter fy, 

and momently. By reafoning much in the fame 

manner as he has done, the following theorems may 
be obtained for determining the amounts of An- 
nuities laid up yearly^ half-yearly y &c. either during 
a given number of years, or during the continu- 
ance of a given life. 

Let r be the intereft of i /. for a year, P thc^ 
perpetuity, n the term of years during which the 
annuity certain is to accumulate, y the fum to which 
this Annuity will amount when laid up j^^tfr/K> ^ the 
fame fum when it is laid up half yearly^ q the fame 
fum when it is laid up quarterly^ and m the fame 

fum when it is laid up momentfy. Let alfo Y, 

H, Q, and M denote the refpcftive fums to which 
the Annuity will amount when laid up yearly, half* 
yearly, quarterly, or momently during the continuance 
of a life whofe complement is ». Then 

Theorem I. — '•^^ — P 



Theorem II. — hzz 



2 



A2II 

r 



— P 
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Theorem III. ---^ zz — P 

r 

N 
Theorem IV. — tnzz. P, where N (lands 

for the number 
which has rn 
for its hyperbo- 
lic logarithm. 

Theorem V. .--Y=i-^ — P 

nr 

Theorem VI. ---Hr: P 

fir 

Theorem VII.—Qjz: -2 p 

^ nr 

Theorem VIII..-M= ~— P 

nr 

If », or the term of years, be 50, and r, or the 
intereft of i /. for a year, be .05, then the amount 
of an Annuity certain by iMieorem ift will be ^=^ 
209.34/, by Theorem 2d it will be = 216.28/, 
by Theorem 3d it will be == 219.84/, and by 
I'heorem 4th it will be z: 224/. 

Again •, \in be the complement of a life whofe 
age is 36, which by Be Moivre^s hypothefis is 50, 
and r, as before, be .05, then the amount of i /. 
per snmm during this life will, by Theorem 5th, 
be n 63.73/, by Theorem 6th = 66.49/, ^y 
Theorem 7th z: 67.93 /, and by Theorem 8th =: 
69.6/. 



Note 
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Noie {D). Problem XL Page iig. 

Let V be the value of a life whofe complement 
is », V the value of 1 /. at the end of the firft year, 
2 /. at the end of the fecond year, &c.; A the va- 
lue of an Annuity certain for n — i years j G the 
value of two equal joint lives whofe complement is 
n ; and r, as ufual, i /. increafed by its intercft for 
a year. Then by reafoning as in page 43 and fup- 

pofing an equal decrement of life, v = }- 



r— + ^ r^> &c.ii:»x— +— H--^ 

nr nr^ nr »r* »r' 



&c. — » X — h — ^ + -^» &c. But 



i + 4+4, &c. — -i+A+-^»&c. = 
r r^ r^ nr nr* nr^ 



^.2.3 



V. Therefore n x A— V zz » x — H r + ,, 

wr fir nr^ 



T^ 



&CC. Alfo- + 4 + -^.^ &c- — ^ + -^ + -l> 



1* 2* 2* 

&c. H 1 3r + — ^, &c. =G 

n. nr n. nr n. nr^ 

But the firft of thefe three feriefes is equal A, and the 

fecond zi 2 X A — V : Therefore the third, or 

I* 2* a* w 

+ i-.+ -^. &c. =G + 2X A— V 

n. nr n. nr* n. nr^ 



1* 2* 2* 

A; hence » x h r+ -^j&c. = » 

n, nr n. nr^ n.nr^ 

X G— A 
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X G — A + 2« X A — V, which being fubtrafted 
from n X A — V found above we (hall at laft have 

v = «X V~G Q^E.D. 

This rule may be alfo very cafily deduced from 
Dr. Price^s Theorem, given in his Treatife on Re- 
verfionary Payments, page 302, 3d edition. — The 
fame fymbols being retained, let P denote the per- 
petuity, and p the value of i /. at the end of n 
years ; then will Dr. Price*i Theorem for the whole 

continuance of life be expreffed by A — G Xn + n. 

p.F—A. V.r — n XA+ Fp— APr — »G..- 

A Pr 

But A + Pp is == P, and P is known to 



be=V. Therefore » X A-t-F/>— -A Pr=»V; 
and » X A + P/) — A Pr— »G = » X V— G, 



Note (E). Problem XIL Page 128. 

Let the value of the two Jingle lives be denoted 
by A and B j the value of the two joint lives by 
D -, and the given fum by S. — Then fince the 
whole Annuity is to be enjoyed till the cxtinftion 
of the joint lives, the value of an Annuity of 1/. 
till this period will be expreffed by D. 

The value of one life after another is known to 
be equal to the difference between the joint lives and 
the life in expeSlation. Therefore the value of half 
the Annuity on the fuppofition that A will be the 

furvivor is •— — j and the lame value on the 



fup- 
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fuppofition that B will be the furvivor, is . ' 

A+B 
The fum of thofe two values, or D. 

being added to D (the value of the whole Annuity 

A-4-B 
during the joint lives) we have for the num- 

ber of years jpurchafe fuch an Annuity is worth 
during the continuance of the joint lives, and the 

remainder of the furviving life. Hence as 

is to an Annuity of i /. (under the reftridlions meh-. 

2 S 
tioned in the Problem) fo is S to - . . , which is 

A + ij 

the general rule. 



Note (F). Problem XXIII. Page 154. 

Case ift. PFhere B isfuppofed to he the oldefi life. 
—Let <7, h aiid Cy denote tTie complements of the 
lives of A, B and C, arid let A be the youngeft. 
The values of the ift, 2d, 3d, &c. rents toi' rents 
will be the probability, that all the three lives will 
have failed at the beginning of the 2d, 3d, 4th, &c. 
years to b years, (the life of c having failed firft) 

multiplied refpedtively by , — , —» &c. to -y 

(r denoting i /. increafed by its intereft for a year) . 
•—The probability that any fingle life will have 
failed in any number of yeafs is that number di-f 
vided by the complement of life. The probabili-^ 

ties. 
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tics, therefore, that all the three lives whofe com- 
plements are ^, b and c will have failed in i, 2, 
3, &c. years (that is, at the beginning of the 2d, 

3d, 4th. &c. years to ^ years) are ^. ^^. ^^, 

&c. to b terms. The probabilities that they (hall 
have all failed at the beginning of the 2d, 3d, 
4th, &c. years to b years, and that any one in par- 
ticular of them (fuppofc the life whofe complc- 

ment is c) fhall have failed firft, arc — r^ — pi 

i abc ^ abc 

0} b^ r b^ \ t 
— i-7-, &c. to — r ( =: ). The probabi- 

3 abc 2 abc \ i ac ^ ^ 

lity, therefore, that they (hall have all failed (C 
having failed firft) in b years, or at the beginning 

b"- 

of the ^ -+• ith year, is ; from whence it fol- 

3^f 

lows that the prcfent value of the ift, 2d, 3d, &c. 

ii 2' 2' 

rents to b rents is — ;; Y — r^ + — -7—, &c. 

3 al?cr 3 abcr \ 3 abcr^ 

J* b' ~^ ; 2» ■ 3' . 

to T- iz — X 71 1- 77-^ + ir~r ? &c» to 

3 acr^ o^ac b^r ^ 0^ r^ b^ r^ 
b terms ; and that the value of the rents ever 
after, arifing from the probability that all the lives 

fhall die in b years (C having died firft) is r 

3 0^^^ 



multiplied into -+ — + —, &c. ad inJinUum. 

— But there is a further value of the fcveral rents 
after b years, arifing from the probability of A's 
dying after the expiration of this time, reftrained 

how- 
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however to the contingency of Cs having been 
furvived by B. The probabilities that* A dies 

after the expiration of ^, ^+ i, /'-I- 2, &c. years 

12 3 

are — , — , —, &c. The probability that C, 

.the youngeft of the two lives B and C, will die be*- 

** b 

fore B in ^ years is —7- n: — : which therefore 

multiplied into ^ will give the additional va- 
lue of the J+Tth rent, and will be equal to 
X — . In the fame manner the additional 



2 cr^ ar 



values of the ^ + 2d, ^ + 3d, &c. rents will be 
T- X — :, r X -^5 &c. Thefumof all 



thefe values to the extremity of A's life, or to a — b 

terms, will be =: r X — + ~i"t r» 

2 cr^ ' ar ^ ar* ar^ 



&c. to . And the value of thefe rents ever 

ar^ 

after, arifing from the probability of A's dying 
after B, and C's being furvived by B, is ^ X 



X h -T + -r > <?» ttifimtuntt — r 



hb 



i + - + -, &c. X - + -r. &c. The 

whole prefcnt value, therefore , of all the rents is 

: X ITT + TTJ + aHT W + 



3«f 



^J r b^i* ^ b^r\ 



aa2 A P f E N D I X. 



3^X p + pr +;T» ^'^' ad itf^nitm, -^ -^^ 



I . 2 



X -r:+-r + :f5 (^-^) + 



tfr tfr ar^ ^ ' 2 cr^ 



I ^ .. . . hb 



^jL. —r -Y — --, ti^c. ad infinitum^ 
t r r* 



lacr^ 



— 4. —-4- --, &c. ad infinitum. Let P = the 
J* f y 

value of the perpetuity, B =: the value of the 
longeit of three equ^l lives ^hofe cpmpleinent is 
^, A = the value of a fingle life, whoie comple- 
ment is tf, for tf ^ — ^ years. Then the foregoing ex- 

•1, u ** P^=^ P . b 

preiiion will be = — x — 1 7 X 

^ ac 3 zr" * icf^ 

P — A, which is the general rule. 

The folution of the fecond Cafe is fo veryeafy 
as hardly to require an explanation. For fince the 
abfolute value of the ReverOon is compofed of 
three parts, depending on the chance of B's dying 
before A and C, rf A*s dying before B and C, and 
Cs dying before A and B, it is evident, that if the 
fum of the two former be fubtrafted from the wtofe 
value, the remainder will give the number qf years 
purchafe required. 



Note (G), Problem XXVII. Page 1 66. 

Case First. H^hen B is cldejiy cr when B is 
elder ib.an C>, and C i^ older than J. Let tf, t, c and 
r denote the fame quantities as in the preceding 

dem^o- 
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demonftration. The values of the ift, 2d, 3d, &c. 
rents to h rents may be cpnfidered as depending 
upon either of two events. Firft, that A andC 
have both failed before the beginning of the acfj 
3d, &c. years, C having failed laft, and B being 
alive at thofe periods ; fecpndly, that B and C are 
both aKve and A dead at the beginning of the 2d, 
3d, &c. years. The firft of thefe probabilities is 



f—2.2^ 



for the I ft year, ' ^ "'w^ for the 2d 



zabc ^ ^ z ahc 

year, and fo on to b years. The laft of thefe pro- 
babilities for the I ft, 2d, 3d, &c. years will be 

b — i.c — I.I b — 2, c — 2.2 - _ 

-^c » ^ ' ^''' "^ * '''^''- 

Therefore the value of the ift, 2d, 3d, &c. rents on 

. r. ^ ■ • ^^-^- I' f^^2' ' 

the firft cojitingency is ^^^^ + ^-^^pP — 

— {h) and the value of the fame rents on the I^ 



■ '■ 



. b — i.c — I.I , b — 2. c — 2.2 
contingency is r r 



^•m 



abcr abcf" 

+ &c, {h). Let B C z: the value of the 

joint lives B and G, A B C = the value of the 

three joint lives, JB C = the value of the longeft 

t I I 
of the two lives B and C, and A B C =: the value 

of the longeft of the three lives. Then will 
the laft of the above fericfes be exprefled by 

B C — A B C, and the firft of dieni h^ 
III II 

■■ i the fum of which is the general 

rule* 

Cass 
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Case Second. fThen B is younger than C, 
and C older than A. By reafoning as above, the va- 
lue of the ift, 2d, 3d, &c. rents to c rents will be 

b — i. r — I.I , b — 2. c — 2.2 

abcr + ^^P- + ^ ^- ---(^) 

b — I. 1* b — 2. 2* 

and 7 — + rZT (0- Now it 

2 abcr 2 abcr ^ ' 

is evident that B has a further chance of receiving 

the Annuity after this period depending upon the 

probability that he has furvived both A and C, A 

having died firft. The value therefore of the 

r+Tth, c + 2d, &c. rents to the extremity of 
B's life will be this probability multiplied into 

;iT. ;:^' ^^- (* — that is, it will be = 
b — c — I X CO b — c — 2Xrf , ^ 

; ; 4. ; T + &C. - - 

2abcr^+^ ^ labcr'^^ 
(^ — c). Hence the whole prefent value of the 

Annuity will be r + r— r 

^ abcr ^ abcr^ 

b — I. 1* b — 2. 2* 
^^^ "*" 2 abcr + zabcr^ + 

b-^c. c^ b — c — i.f* 

2 abcr^ "*" 2 abcr^-^^ "*" ^ ^' 

With regard to the lad of thefe feriefes ; fincc 

•I b-^i. 1^ ^—2. 2^ ■ ^ C.£C 

ccb ^ r "^ r* ^ r^ "^ 



" ' ^f^^ " (^ — ^) IS the value of the Rc- 

verfion 
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Verfion of the life of B after the longeft t)f tw6 
bqual live^ C, C ; it follows that the true valui 
thereof muft be equal to that of the faid Keverfion 

ffiultiplidd by -^4 Let the fame fymbols be re- 

tairiec! is in the preceding cafe^ and let C G =z the 
Value of the longeft of two e^ual lives Cj Cy and 

B C C t= the value of the Idngcft of three lives 
Bi G and G s then will the whole v alue of the An> 
huity in this cife be expreffed by EC — AUG 

r TXT 
la 

Gasb Third; fvken B is youffg& than C, and 
C younger than A. The truth of this rule is very 
obvious : For fince the ahjolute value of the Rcver- 
fion of the life of B after the joint lives of A and 
C is compofed of tWo parts, depending on the 
thance of the younger dying before the elder, and 
€>n the chance of the elder dying before the youhger j 
it follows, that if the value of the expectation on 
the firji of thefe contingencies (given iri the folu- 
tion of Cafe 2d) be fubtradfed from the abjoluti 
value of the Reverfion, that the' i'emaihder will be 
the value ef the expcdation on the latter of them; 



r • ^ « i • 
+ — X BGG — C G; 



iJote (H). ProbleAi XXIX. Tap 175. 

Case First. When C is oldejl. Let j, ^, e 
and r ftill denote the fame quantities : Then fined 
it appears from the demonftration of Problem 23d 

Q^ th« 
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that — r-, — r, &c. itprcfcnt the prob^bilitici 

that the three lives (hall have failed at the begin* 
ning of the 2d, 3d, &c. years, and that one of 
them in particular (fuppofe the life whofe comple- 
ment is a) (hall have failed firft ; it is evident that 
if the foregoing fr^ions are feverally dimini(hed 
one half, they will exprefs the probability of fur- 

vivorihip required in this Problem % that is, . ■■■ 

12' I 

X — , *— 7— X -*, &c. will denote the proba- 
2 3 ate 2 '^ 

bilities that the three lives are dead at the begin- 
ning of the 2d, 3d, &c. years, and that A has died 
firfl, and either of the other two (C for inftance) 
has died laft. For as it is an equal chance which 
of the two furviving lives B and C Ihafi die Grttf 
it is plain that if the former probabilities wiibout 

this rcftriftion are leflTcned in the proportion of-^ 

we (hall have the probabilities of furvivor(hip witb 
this rcftridion. — ^The value, therefore, of the rents 
during the ift, 2d, 3d, &c. years to c years will be 

+ T-r-i + &c..---.(0 =2 rr >^ 



6abcr 6abcr^ Gab 



i^ 2' c' 



, 4- -T-T + -r^ » 3^d the values of all 



C* I.I 1 



the rents ever after will be ^ , X - + 3- + -r 



c" 



ad infinitum 5 for t~t- exprcffes the probability of 

ftjrvi- 



A t^ P E N D i X. ZZ7 

jfllrvivorfhip during the whole continuance of G's 
life, ^t the extinftion of which A and B muft be 
i^ead (6 hs^ving died laft) to entitle to the receipt 
of the following rents ; that is, to the rents after t 

years. Now thofe rents being fimply =: ..^ + 

— TT -i — ^TT &c. ad infinitum, if they are dimi- 
hifhed in the proportion of the probability of this 



r* 



furvivorflbipj or multiplied by 7—7, we (hall have 



C^ I.I 



their true value. But —y x — r — I rr- &c. 

6ab r^+^ r^+2 

is the value of the perpetuity after c years multi- 

plied into -r — r , and the firft feries is equal to the 
* o av 

difference between an Annuity certain for c years 

and the value of the longeft of three equal lives^ 

whofe complement is r, multiplied into the fame 

co-efficient : Hence if P i± the perpetuity, and C 

in the value of the three lives juft mentioned, the 

two feriefes -;r-T X -^ 1- -r-r + 



bab c^ r c^ r^ c^ r^ 



€^ III 



and ZTT X "~ H — r + "T" &c. ad infinilumy 

expreflingthe whole prefent value of the Reverfion^ 

. c^ ^ 

will become equal to 7-^ X Jt* — C, which is the 

^ tab 

general rule; 

0^1 CASt 
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Case Second. PFbcn B is oldeft. By rea* 
foning as in the preceding Cafe, the value of the 
rents for the ift, 2d, 3d, &c. years to b years arc 

■' ^' '• .&c.«> *' - *• 



6abcr^ 6abcr^'* 6abcr^^ * 6abcr^ 6ac 



1^ 2^ b^ 

the rents ever after, that is of the J+7th, J+Td, 
&c. rents, ad infinitum^ arifing from the probabi- 
lity that all the three lives (hall die in h years, A 

having died firft and C having died laft, is -7 — x 



(>ac 



+ ^-trr + "trr, &c. = 



h -7 + *T» ^^* ^^ infinitum. But there is a 

r f* f* 

further expeftation beyond this period (or the li- 
mit of B's life) depending on the probability of 
C's dying after B and A's dying before him. The 
firft of thefe probabilities for the ift, 2d, 3d, &c« 

. 122 

years x.<i c—b years, is — , — , 2_^ &c. to c—b 

c c c 

tern s* The laft is conliantly exprefled by 



2a 

Hence the additional value of the rents after the 
limit of B*s life for the remainder of C's exiftence, 

I b^ 

2a 



will be for the ^-tith year — ^ X — , for the 



b 



b-^-id year --vrr X — , and fo on to the c^bth 



year, 
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year, the value of which rent will be , 

Thefe feveral values being added together, will be 



■•^" 



equal r X — + — 7 + -^1 V —rzr^ 

Again, the values of the rents for ever after the li- 
mit of Cs life, arifing from the probability that C 
Ihall have died after B, and that B (hall have fur- 



c — i?! b 



vived A, will be for the ^+ith rent • — x 

2ca 



— j:^-, for the ^ + 2d, r+3d, &c. rents, ad infini- 
c — b. b I c — b. b I 

tum^ ^ X -zizT^ — :: X — -rr, &c. 



X —+—+—, &c. =: - — - X 



2acr^ r r r* 2ar^ 



' hh 

— + -T + -T-J &C. X — + -V + -^, 

r r^ r^ 2acr' r r r' 

&c. The whole prefent value, therefore, of all 

b"- ~0 2^ P 

the rents is -: — X V -77-7- + -77-7 — {b\ 

6ac b^r bW- b^ r^ ^ '^ 

b^ 1.1,1 . bb 

+ 7— T X h -r + —, &c. X 

6 act* r r r 2 acr^ 



'ill b 122 

r r r 2ar* cr cr cr' 



1 1 



c — b ^ r X — + r--, &c. Let P 

2ar^ r r 

=: the value of the perpetuity, B = the value of 
the Ipngeft of three equal lives whofe complement 

0.3 ^5 
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is i, and j3 = the value of an Annuity on the life of 
C for c — b years, then the fotegoing expreflion 

i» P — B P , b P — /S 

will be — X — p + ~1 X — T-^ 

tfr 6 2 1^ jr^ 2 

. which Is the rule. 

Case Third. When A is oldeft and B youngeft. 

By proceeding as in the two former Cafes, it will 

appear that the value of all the rents during the 

limit of A's life, that is for the ift, 2d, 3d, &c. 

years to a years, will be -^7- X -7 1 r— + 

•^ , ' obc a^r a^ f- 

_- 

-2 (a\ and that the value of all the rents 

ever after, arifing from the probability that the 
three lives fhall die in a years, B having died ad, 



a^ 



and C having died laft, will be rrr — x — \ 

&CC. But this lad feries by fio means exprefles the 
whole value of the a -f- ith, a + 2d, &c. rents. 
There are two other contingencies, upon the hap- 
pening of either of which the expe<Sant may come 
into poflTcflion of the eftate. Firft, that B and C 
are living at the end of a year$, and that they fhall 

bolb be dead at the beginning of the i-h2d, i+3d, 
&c. years, (C having previoufly furvived B); the 
probabilities of which contingency are fcvcrally 

exprefled by ^» j^. ^, &c, The vahie, 

therefore, of the ^-f ith rent arifing from the 

chance of this event's happening is •— — r- ; the 

^^ ^ 2bcr^^^ 

value? 
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values of the a + 2d, a + 3d, &c. rents to ^ — a 

2* 3* c — ^1* 

rents will be , ^,^ , , ^ , , , &c. to — — -' , 

r I* 

The fum of all which is equal to —7-7 X -r- + 



^i"^l-^i-*^-i— Wi^-B—i^l^W^^WBlPi 



rsTT + " , ■ ,>^,,y,^. 4, — -., y\no the 

value of all the rents ever after, arifing froni the 
probability that B and C are both dead at the end 
of c years, that C has died laft, and that both of 

them have furvived the a firft years, is ^ — 7--^ X 

2 bcr^ 



•m'^'^^mtmimmm^'^m^rmfmm' 



'I > T I 

— J- -J- + — r-, ad infinitum. The fccond con- 

tingency, which may bring the expcdlant into pof- 
fcffion of the eftate, after the limit of A's life* 
?rifes from the probability of B's dying during the 
faid limit (having previoufly furvived A) and C's 
dying after this limit. The probability that B 
dies in a years after furviving A,^ is conftantly ex- 

prcfled by ■~-. The probability that C is dead 



I 



at the beginning of the <?4-ith year is — , at the 



beginning of the <i+2d year — , and fo on to the 

c 



c — ath year. The values therefore of the ^+ Hh, 
?+Td, &c. rents to c^a rents arifing from the 



a 



iprobjability of this contingency are ^ X ' ^^j^{ \ 

<3L4 
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T X , -, &c. to — r X =: —z — x 



. r+-^ + ^ • And the va- 

cr cr* cr^ cr^-^ 

lues of the rents ever after, that is, the values of 
the ^+ith, ^-fid, r+3d, &c. rtnxs^ ad infinitum^ 
arifing from the probability that C has furvived 
the firft a years, and that 6 h^s died during this 

- - a c — a I a c — a 

time after A, are r-r x X — . -^ X —-7- 

•^ ' 2b cr' ■ r^ 2b cr* 



I ^ _ a c — a II 1 

^c. ad infinitum. Thp whole prefent value, there- 
fore, of all the rents ^^ -g^ X -^ + -^ + 



■ - , r r - r - (tf j + rr-;; X "^ H 7 + "=7 &C- ^d 

^ly.} v-y T ^^^^ ^ r r'' r^ 

C ~* 2* Q* 

infinitum^ + ^-7— X -1 h inr + -^-7- &c. 



. / f — ^ * \ 



<* — 2tfr + tf* 



2^fr^ 
I 2 2 acT^cf' 



r -^ r* ~ bbc ^ a^r a' r* ^ 



tfV 



4* I.I I 
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c I* 2* 



V n 



CI I ^ fir I ^ * 



&c. ^ infinitum, — Tp^— +— +-j-&c. 

41^ infinitum Let P = the value of the per- 

petuity, A = the value of the longeft of three 
equal lives whofe complement is ^, K = the value 
ef the longed of two equal lives, whofe comple- 

piept is (f, for ( — a years, and x =: the value 
of a fingle life of the fame age for the fame 
term 5 then the foregoing expreflion will be =: 

6bc ^ 2Lr^ 

a P 

-7— , which is the general rule. 

Case Fourth. fFben A is oldeft and C youngeft. 
By rcafoning exaftly as in Cafe 3d, the value of 
the rents during the limit of A and B's lives, and 
ever after, arifmg from the probability of all the 
tjiree Jives being dead at the end of b years, (A 
having died firft and C having died lad) will be 

a^ b, F— 8+ a. P— 3 

found equal to ^ X F- A + ^^ 

^— — J- (3 and B rcprefenting the values of An- 

puities on the finale and the longeft of two equal 

lives, 



234 APPENDIX. 



lives, wbofe complement is ^, for ^ — a years, and 
P and A reprefenting the fame values as in Cafe 

3d). Now it is evident that the above does not 

cxprefs the whole value of the eftate : For the rents 
after b years -, that is, after the neceflary extini^ion 
of A and B's lives, have an additional value from 
the probability of C's furviving this period, and 

being dead at the beginning of the ^+ 2d, ^+3d, 

&c. years to c — b years. Thefe probabilities are 

122 

feverally expreffed by — , -^, -~, &c. •to 

c . c c 

. Therefore the additional value of the b+iih. 

c 

^+ 2d, XTld, &c. rents to the c — ^th rent^ 

.„ , I 2 3 c — b 
will be — TT- + --rr: + ""ix: to z: 

I * 2,3 e — b ^ . , 

--7X — + -r 4 r izix- And the 

value ever after, arifing from the probability of 

C'-^-'b I 
C's having furvivcd b years, will be X J- 

X -rr &c. ad infinitum. = x — + 

-- + — &c. ad infinitum. Hence the whole addi- 
y* T^ yi 

tional value of the rents after b years will be = 



I J.I* ^ I'l^ 



\ 
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^P 

— (C rcprefenting the value of an An- 



nuity on a life, whofe complement is c, for c — i 
years). This expreffion, therefore, added to the 
above, will be the whole value of all the rents, 

and IS equal to ^ X P- A + ^^ 

— r \ —— , which IS the general 

cr^ re cr^ '• ° 

rule. 

Mr. Simffon in his Sele£t Exercifes (page 328) 

has oriven the fluent — | — x ^ h — 



(when properly correfted) as the true value of the 
fum S to be received on thefe contingencies \ q de- 
poting unity divided by the rate of intcreft, m the 
hyperbolic logarithm of j, and x the interval of 
time during which the value is required. But this 
fluent by no means exprefles the whole value, ex- 
cept in the Angle cafe where C is the oldefl: of 

the three lives. By a fluxional calculus of the 

fame kind with Mr. Simpfon\ the following Theo- 
rems may be obtained, which exprcfs correftly the 
whole value in every cafe. 



Theorem 



22$ 

Thbor. ift. 



When C is 
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----- A being the value of an An* 
nuity certain for the time f, p the va- 
ite oldefi. Muc of i /• at the end of c years, r the 
I value of I /. increafed by its intercft 
I, for a year, P the perpetuity, S the 
I given fum, and a^ b^ c the refpeaive 
J complements of A, B, and C, 



THE0R.2d. 

When B is 
oldejl. 



2abcr 
Sb N 



X 5—^ X 2P*— Pt** + 



2a€ r^+' 



S, a^ b, r, r, and 






P being as in Theorem ill, B the va- 
lue of an Annuity certain for b years, 
TT the value of i /. at the end of b 
years, and N the value of an Annuity 

certain for c — b years. 



THE0R.3d. 1 — 



fFhen A is 
oldefi and 



labcr 



X C— >tflX2P*— Pxa* + 



_s 



A— a X c- 



■a Ka 

— + 



T - • -V 



S, a, bj f, r, and P being as above, 



B young- .q ^j^^ ^^j^^^ ^f ^^^ Annuity certain for 



ejt. 



(a) years, x the value of i /. at the 
end of (tf ) years, A the value of an 

Annuity certain for c — a years, and 
a the value of an Annuity on the life 

whofe complement is c— tf. 



i 



Theor. 4th. 



Wien A is 
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2 atcr 



X C — xtfXaP*— Px«* 



S A— j8 a X 23— B 



cldefi atid C t 
^ y^ >S, tf, *, f, r, P, A and k reprefcnting 

the fame quantities as in Theorem 
3d, B the value of an Annuity cer- 
tain for i — a years, and 3 the value 
J of a life whofe complement is ^ — a. 

It would take up too much time to go through 
the feparate inveftigatlons of thofe Theorems ; 
though perhaps it may not be proper intirely to 
omit them. I (hall, therefore, give the inveftiga- 
tion of the 4th Theorem, which comprehends in 
it the chief reafoning that has been applied to the 
(blution of the three foregoing ones. 

Investigation of Theorem 4th. — By pro- 
ceeding in the fame manner with Mr. Simp/on and 
retaining his fymbols, the expcftation during the 

time X is defined by the fluent ~ ^ 



2 abcrm 



X 



^ 



2X, 2 

+ —^9 which being corrected (by firfl: 



m ■ m 

fuppofing X to vanilh, and then to become equal to 

aSq^ Sq^ S 



(4), ) is changed into 



2 bcmr 



bcni'r 



\ 



abcm^r 



X <f — I, which gives the whole value of the ex- 
pedtation for the firft {a) years. — Let P be now 

fubftituted for its equal , C for 1 — (f x — 
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— ^ and H for jf«, then will the above expreflion be 



at laft reduced to ' . X C,— ^ X zP*— Pw*i 

2 Offer 

vThe value of the expedation after the tinie (ji) 
depends on the contingency of Cs dying afi^ the 
greatelt: limit of A*s life^ having previoufly fur- 
vived B. — Now a^ B may have died wifbin the li- 
mit of A*s life, though after the deceafe of Aj 
this probability muft be taken into confidefation^ 
which (by reafoiiing as Mr. Simp/on has done 
page 3 1 6 of his Selefl: Exerciles) will be cxprefTed 

by -T-. The probability of B*s dying in x time 
after this period is -^. Thefe two fractions added 
together give — ^~ for the wbdle probability of 



fi*s dying in tf + x time according to the order iri 
the Problem. The value, therefore^ of the expec- 

tation on the death of C, during the moment ;r and 
under ihefe circumftarices, will be properly repre- 

a + 2x X ^ rs jS . . , . 

rented by -^^ >^ 7 ^ %* = ^ >^ ^^ + 

•j^ X fxx The fluent of the firft ttprefflori 

generated while x is increafing from diob will W 
—r X B*w The 2d expreflion may be changwi 

* Sec SimpforCs Seleft Exercifes^ page 324. 

VAtQ 
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b — a. S qn^x , - « 
into — r — X 1 " , whole fluent generated as 

-L - g . 

above is equal to ■' ■ ,' — X B — *. As this 

Reverfion, exprefled by both the preceding cjuan- 
tities, is not to take place till {a) years hence, and 
from the nature of the computation requires to be 
corrcfted by Dr. PnV^'s rulef, it muft be dif- 

counted for ii + i years, and confequently will be 

reduced to — ; — 7— + — 7 X -rrr -* 

The third and laft value of the expeftation af ife^ 
from the chance of C*s not dying till after the ex- 
tin<aion of both A and B* This expeftatiori 

during the moment x will be Sj* x — , whofe flu- 

ent, generated while x is increafing from b to Ci 
will be the value of the Reverfion^ and is equal t0 

^— drawn into M, the value of an Annuity certain 



for c-^b years :|;. This being difcountcd for b 

years and corrcdted by Dr. Priced Rule, as in the 

cafe of the preceding expedtation, will be exprefled 

S M 

by — >< t^, . Hence the whole value of all the 



i^k-iri. 



expe<flations is . , X C — k<i x 2P* — Px^* + 

♦ See Simpfon^s Selefib Exercifes, page 327. 
f See Treatife on Reverfionary Payments, Scholium 
to Queftion loth. 

X Sec Simpfin^s Selefl: Exercifes, page 324. 
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i—a.S B— /3 . S tA 



■X-rrr +— X 



A *^ 

which, by fubftituting ■— X7 fo' >« equal 

M 




&c. is at laft reduced to ' — j — X C 



^^^ , «,w. »w .-.. ..«uvv« .w 2 a^fr '^ '- — ''« 



A — 3 «. 2/3 — B 



The values by tho(c Thcoremi in tWoft cafes 
agree nearly with the fame values found by the 
Rules in page 175, &c. ift. Let the given fum be 
looo/. the ages as in the feveral examples o^ 
Problem 29th, and let C be the oldefi life. Thcii 
by the firft Theorem the value of the Reverfion 
will be equal to 10.808/. which by the algebraical 
folution is determined to be 14.68 /.-^zdly. Let 
B be the oldeft life. Then by proceeding accord- 
ing to Theorem 2d, the reverfionary value will 
be found equal to ^ i .91 3 /. which by the algebrai- 
cal folution is 36.035/. — gdly, Let A be the! 
oldeft and C the youngeft life. The value of the 
Reverfion by Theorem 3d is iz 52.41 1/* which by 
the algebraical folution is zi 56.577/.— —Laftly, 
Let A be the oldeft and B the youngeft. The re- 
verfionary value by Theorem 4th is = 6^.g6l. 
and the fame Value by the algebraical foliitibh is == 
67.881/. 

It may be obfcrved that the values of the Rc- 
verfions by the fluxionary folutions are confiderably 
lefs than thofe by the algebraical ones.* The reaibn 
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iS) that in computing from the former as well a$ 
the latter, the Valued of the Life-Annuities and 
Annuities certain have been taken on the fuppo* 
fition that they are payable yearly^ whereas thei 
fluxipnal folution fUppofes that they are payable 
mmcnily. — Had the values of Annuities payable 
fnomently been taken, the refults from both methods 
of folution would have been the fame.*— But if the 
values of Annuities payable mofhently are taken \ti 
computing from the flujcignal folution, and of 
Annuities payable yearly in computing from the 
algebraical folution, the refults will be always left 
from the former than from the latter.; becaufe the 
values of Annuities payable tnomentty being greater 
than the values of Annuities payable yearly^ the 
values of eftates or fums of money to be received 
after their extindion, muft be proportionably left* 
—All this is true, fuppofing the values of Annul* 
ties payable momently or yearly are given accu-- 
ratify. But if an approximation is ufed (as hath 
been done in the precedmg examples in finding 
by Problem 6th the values of Annuities on the 
longeft of three lives) another caufe of difference 
will arife, which will be more or lefs as the ap** 
proximation comes more or lefs near to exaftnefs- 
-^In prder to ilfuftrate all this, I (hall beg leave 
to give the following examples, where the life and 
certain Annuities are fuppofed to be payable 
momently y and the values of Annuities on the longed 
of three lives are determined esca£lly. 

Example First. Let the age of Abe 20, 
that of B 30, and that of C 60. years. Let the 

R fum 
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fum be 100 /. and, fpr greater perfpicuity, let the 
decrements of life alfo be according to De Moivre*% 
hypothefis. — This Cafe belongs to the firft fluxio- 
nal Theorem, where tf, *, and c are refpeAivcly 

equal to 66, ^56, and 26 ; hence — 7- = ' 

^ ^ zabc 192192 

- — - A may be found = 1 6.167 -- - p = .353 ; 

therefore, P being equal 25, A — />r X 2P* is =: 

^73^*^5 9 and Ppc^ is = s^Sg.y. Confcquently 

^ X A—pc X 2P — P/)^ =: ~i22_ X 



2aicr 192192 



8736.25-5965.7 ^ ,.38,^ ^hj^^ J, ^^^ ^^^^ ^, 

i«04 
quired. 

Now let the fame value be inveftigated by Role 
ift, Problem 29th. — An Annuity on the longeft 
of three equal lives aged 60 may be found equal 
to 13.16, which fubtrafted from 25 (the perpe- 
tuity) and the remainder being divided by 6, be* 
comes =: 1.9733. Therefore as (56 x 66 =:) 
3696 is to (26 X 26 zz) 676 fo is 1.9733 *o 'S^o^i 
which multiplied into 100, and the product di- 
vided by 26, we have 1.38/. for the anfwer as 
above. 

Example Second. Let the age of A be 20, 

that of B 60, and that of C 30 years. The fum 

100/. This Cafe belongs to the 2d fluxional 

Theorem, where, by proceeding a« in the iftcx- 

g '• . ^— 

ample, ^-^ x ^ — yrb x 2P* — Pt^* will be 

found equal to 1.38. N (the value of an Annuity 

cenaio 
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tertain for 30 years) is tz ij.^ji and -j^t* == 

^7-47 X .34 = 5-9398^ Therefore x 



2ac r*+* 

is = X 59398 = 2.09, which added tor 

7392 ^y^y y 

J. 38, found above, gives 3.47/. fol" the ralue re- 
quired. 

Let this value be now fought by Rule 2d, Prob-^ 
km 29th. — ^By following thd fame fte^s as in the 

preceding example the -^-th remainder will be 

found zz 1.9733. 12.5 (half the perpetuity) mul- 
tiplied into .106 (the value of 1 /. at the end of 
56 years) is = 1.325 ----- As, therefore, ^6^6 

is to 676 fo is (1.9733^ ^•325 =) .648 to .ii85^ 
Ivhich muft be referved. - - ^ - - The valiae of ati 
Annuity on the life of C for 3d years is ir 13.7 12^ 
which fubtrafted from 25 (the perpetuity) and 
divided by 2 quotes 5.644. Hence as 33 is to 13 
Ibis 5.644 to 2.223, which multiplied into .353 
(the value of i /. at the end of 26 years) is re- 
duced to .7847, ^nd this added to .1186 {referved 
above) gives .^03 3, which being again multiplied 
into 100 and theh divided by 26, we have 3.47/; 
f6r the Value requii-ed, as in the ftuxional (blution. 
By proceeding in the fame manner, the two 
bther Theorems will be found to agi*ce exaftly 
with the correfponding Rules in Problem 29th. It 
will take up too much time to go through thefe 
operations ; but the values refulting from them,- 
as well as thofe inveftigated above, and alfo the 

2 fame' 
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fame values computed from different rates of mor* 
tality appear, when compared with each other, to 
be as follow. 

Exact Values of loo/. fuppofing AnmtiHes payahk 



• 


MOMENTLY 


. 






By the fluxlonal Rule 
and Di Mmifrt^s 


By the algebraical 
Rule and Dt 


Hypothefis. 


Mpi*uri'$ Hypo- 
thefia. 


Cafe ift, - - * 1.38 - - - 1.38 


Cafe 2d, - - - 3.47 - - - 3.47 


Cafe 3d, . - - 5.41 . - - 5.41 


Cafe 4th, - - • 6.68 - - - 6.68 


Values of 100 L fuppofing Annuities ptrfahle yearlv. 


By the flux- 
ional Rule and 
the Hypotbe- 
fts. 


By the alge- 
braical Rule, 
the Hypothefis 
and the Ap- 
proximation in 
Problem 6th. 


By the alge- 
braical Rulcy 
the Noftbimp- 
tcH Tables and 
the Approxi- 
mations in 
Problems %d, 
^i, and 6th. 


By the alge* 
braical Rule* 
the Ifortt^ 
/Mr Table, and 
tMkiag the nt- 
aB Values of 
thetiTes. 


Cafe \% * 1.08 - 1.40 - 1. 381 - 1*384 


Cafe 2d, . 3.19 . 3.60 - 3.531 . 3.524 


Cafe 3d, - 5.24 . s.Gs - 5.513 - 5429 


Cafe 4th, - 6.55 - 


6.78 - 


6-753 - 


• $.6So 



* The Valae of an Annuity on the longifi of three 
lives has been found by the Rule in Problem 2» Corol* 
Ury 2, Simpfon's Annuities. The values of the joint lives 
(neceffary for determining thoie on the longeft of thiee 
lives) have alfo been found by a fluxional Rule given by 
the fame author in his Sele^ E»ercifeSj page 325. — And 
the values of the Jmgli life, and certain Annuities have 
been found by Dr. Pria^s Theorems in the Philofopbial 
Tranfadlions, Vol. 66, No. 6. 

Values 
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Vakis tf 100 1, fuppojing Annuiiies payable momently 
in computing iy tbeflnxional Ruky and that in com* 
puiing by the algebraical Rule ibey are payable 
yearly and the Approximation in Problem 6tb is 
ufod. 

By the fluxional Rule 
and Di Moivr^s 
Hypothefis. 



By the algebraical 
Rule and Dg 
Mffg'urt^s Hypo* 
thefts. 



Cafe ift - - - 1.38 . - - 140 

Cafe ad, - - - 3.47 - - - 3.60 

Cafe 3d, - . - 541 - . . 5.65 

Cafe 4th, - - - 6.68 ... 6.78 

Thcfe values arc fct down in this order to give a 
clearer idea of what has been faid in the preceding 
pages.— I (hall only obfervc further on this fubjeft, 
that the algebraical Rules are generally, if not al- 
ways^ preferable, as being the moil fimple ; and 
that the values of the Life and certain Annuities 
may be taken as payable yearly without any mate- 
rial error, even though the Reverfions are in landed 
efiateSi^ which are the only cafes where the fluxional 
folutions ought to be applied. 

me (I). Problems XXX, XXXI, f^c. 

Pag. 185, 6f^. 

Problem XXX. Let L, », and / figniify the 
numbers of the living in the Table at the ages of 
A, B, and C D', D", D "', &c. the decre- 
ments of life in the Table at the end of i, 2, 3, 

R 3 &c. 
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&c. years from the age of A A', ^'\ A'", &c, 

and dj i\ (ty &c. the decrements from the ages 

of B and C f , /, g^ &c. and o^ p^ j, &c. the 

numbers of the living in the Table after i, 2, 
3, &c. years from the ages of C and B refpcc- 
tively. - • - - Let r alfo denote i /• increafcd by. its 
int^r^ft for $ year, S the given fum, and / the 
given number of years. - - - Then by reafoning sis 
Mr. Simp/on has done in pag. 321^ Sec. of his SeUS 
ExercifeSj the value of B*3 expe£);atiQn will be ex« 

preffedby ^^ X ^- —^^^x-^jj^ + 

d' X D^' , S X ? TTT. D"' , /" X D"' 
T -^7- X nil r 



S TE? p.D" ' q.U" 



&c. (/) =; -J- X + ^—r 



nrl 



&c. 



S /— / X ^D^ l—d + d'xpH;' 



1 . *» 



*./.D' , *./'.D" fl./'.D'" / ' 



S _— s 

which is equal nearly to-rr- X M-r-M-— rn- 

a ' 2ac 

X?J% ----M reprefcnting the value of the joint 

lives 

I 

c 

♦ The laft term in this Theorem, or x N, is of 

fi^ PQnfe^uence when the condition of Survivorfhip is exr 

jendc^ 
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lives of B and C for / years, N the value of the 
life of B for the fame term, and ^ and ^ the com- 
pkments of the lives of A and C for / years *. 

This Theorem will give anfwers fufficiently cor- 
rect if the term is not lefs than five or fix years, 
and the values of the fingle and joint lives can be 
obtained true to three places of decimals. But if, 
for want of proper tables, fuch values cannot be 
procured, and the term is ftiort, it will be neceflary 
and it will alfo be eafieft to find the anfwer from 
the feries itfelf rather than the Theorem. For in- 
ftance, were the term three years in the example to 
this Problem inftead of 1 6 years, the firft feries 
in the preceding inveftigation taken as far as I 
have carried it will exprefs the exaSi value -f ; and 

it 

tended through the whole duration of the lives, or any 
great number of years ; but when it is limited to a fmall 
number of years, this term becomes confiderable and 
fhould by no means be omitted. 

^ If tf and c are made to fignify the complements of 
the lives of A and C for their whole duration^ the anfwers 
njay in fome cafes be a qua^'ter or even a third wrong. 

f The terms of the feries in the Example to the 
Problem, fuppofing the number of years to be only three^ 
and the decrements of life as they are in Table 3d, will 

1000 X 428 8x9 1000 X 421 

1.04 X 435 2x 284 X 365 r:34|* X 435 

TiTS 8x8 , iooo X 414 ^ 



184 X 365 2 X 284 X 365 ^04) X 435 

1,306 = 2.453 /. The fame value by the appnwcis. 

R 4 mations 
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it will be eafier to obtain an anfwer by finding the 

number it exprefles, than by making ufe of the 

Rule. 

Thefe obfervations are to be applied to all the 

folutions of Problems for determining the values 

of Reverfions depending on Survivorihips within 
a given time. 

Problem Thirty-first. — ^Pagc i88.-^L«thc 
fame fymbols be retained, and P denote the per- 
petuity. Let A, B, and C alfo fignify the proba- 
bilities refpeftively that A, B and C ftiall live / 

years. The values of the ift, 2d, 3d, Bcc. 

years rents in this Problem may be confidered as 
depending on one or other of the four following 
events. - •^- Firft, that A is dead, and B and C arc 
both alive at the beginning of the 2d, 3d, 4th, &c, 
years, - - - Secondly, that A and B are both dead 
(A having died firft) and C alive at the beginning 
oif thofe years. Thirdly, that A and C are both 
dead (A having died firft) and B alive at the be* 
ginning of thofe years. Laflly, that A, By and 
C are all dead at the beginning of thofe years, A 
having died firft.^'^By rcafoning in the fame manner 
as hath been done in invefligating the 23d and the 
folio w ing Problems, ihe values of the feveral rents for 
/years and ever afterward on iht firft contingency 

mations in Problems 2d and 3d, and computing agree- 
able to the general Rule, may be foupd equal to 2*597 /« 
Thofe anfwers a^ree vrith each other very nearly in Ac 
pref«nt inftance, owii)g to the decremefits of life being 
equal in the Table, Wh«n this is not the caie, the dif- 
ference in fo fmall a term will b^ much more confide^ 
r^ble, 

wilf 
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H9 



will be exprcfled by the feries -j- X — ' X -7— 

f p D' + D" , p- a 

ir n L /r' « 

....... The values of the feveral r|nts for / yean 

and ever afterward on the fecond contingency will 

be exprefled by the feries -j- X j \- 

f D' + D" X A' + A" , jr 

ly + D'' + D " X A' + A" + A"" g^^ 



2 Ln 



.^ Cx I— A X I— B X P ^ . 

+ • ^ —z On the 

2r 

thrJ contingency by — X ^^^ + -^ 



D' + D" X d' + d' 



2 LI ^ ttr 



+ 



.3 



^Maaa* 



D' + 0' + 0" X d' + d" + d- . , , 
— ^ ^ &c. (/) + 




XI— A 



X P. - - On tht fourth contingency 
b D'X ^ X A^ D' + D" X TT^x aH^^ 

D' -h D'^ + Dr X <^ -h ^^ -T^ X A' -f A" 4- A* 

3 »L/r» 



. ... I — A X I — B X J — C ,, _ 

The 
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The fum of all thefe fericfcs exprcflcs the exaSl 
value according to any Table of obfervations, 
and gives the only juft folution when the term 
does not exceed five or fix years. When the 
term is longer, the following approximation will 
give anfwers fufficiently accurate. 

Let J, I, and c reprefent, as before, the com- 
plements of tht lives of A, B, and C for the given 
term agreeable to any Table of obfervations. Then 
thic value of the feveral rents for t years and ever 
afterward will be nearly according to that Table ; 

r^ % r n ^ I. ^— • I. I , 

. r- - On tht firjl contingency , ^— + 

i 2. C 2. 2 , ^ 2. C 2. 3 . « ,s 

4 ^T— ; — '' — X P. - - - - On the fecond con- 

&c. (0 + ' 7J;^^^ xP Oathetbird 

b — I. i' . b — 2. 2* * — ». ?• 

contingency -^ + -^ + j^ &c. 

(/) + — 4-T X P. Ifallthcfc 

feriefes be refolvcd and added together, they wil) 

be 
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12 2 

be transformed into H -3 + -^ - - — (0 



ar ar^ ar 



t ^ h\c i"- 2* 2* 



(/) + -^ X p. The firft fcrics is the fame 

ft 

with what Dr. Fria has given in Note (G) of 
the Appendix to his Treatife on Rcverfionary 
Payments^ for determining the value of an An- 
nuity after the dcceafe of A, (hould it happen in a 
given term, and which has b'ecn alfo given in words 
in the folution of the 9th Problem in the preced- 

bg chapter of this work. Let this fcries, 

therefore, be denoted by R, the value of an An- 
nuity on the longeft of two equal lives (whofc 
complement is t) by D, and the value of an An- 
liuity on the longeft of three fuch equal lives by 

T 1 then the whole value of the Revcrfion will be 

' ^ 

pxpi^ffed by ,R ^^^ X F-D + — X 



i^-^-C T^ rr / 



)? — T=R —- X P — D XP— r 

2 3 

X -y^j which is the general rule in page 188. 

Having given thefe fpecimensy it can hardly be 
ncceflary to proceed through the inveftigations of 
the following Problems: I (hall, therefore, give 
the fericfes exprefiing the exaff value according to 
any Table of obfervations, and alfo the general 

theorem 
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theorem or approximationt without entering into 
any particular detail. 

Problem Thirtt-second, page I92.>--The 
txa^ anfwer to this Problem is exprefled by -r- 

D^X A' / D' + D' X A^ + A'' 

g D' + D" + D" X A' + A" + A' . 

fr X " nj ^^' w 

C X I — A X 1— iJ „ . c 

. . , X P + 

^ D' X i* , p ' D'-t-D" X 7"+T , 
""^ LT + ^ ^ 2L/ ' + 

B_x_ r^ X T=rc ^ p 

+ &c. f„ + ^^^^'^^ X P. 

- The approximation as given in page 192 

' , „ ' • ■ > 

// b '^ c _iT 

may be found equal to -r- X ■ ■ ■■ X P — D 

2/. P— T 



PROSLEM 
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Problem Thirty-third, page 193.-- 

The nca^ anfwer by any Table is exprefied by 

D' + D" + D* X FTT+1' X A' + A" + A* 

3 »L/r' 



&C. (/) + — X P. 

The general theorem or approximation is = 



Zabc 



X P— T. 



Problim Thirty-fourth, page 195. 

e D' X A' 
The exall value is expreffed by -t— X — j-- — 

/ D^ + iy X A^Ta^ ■ i ^ 

+ "^ ^ L« '' /r' ^ 

D- + D- + D-XA- + A- + A- ^^^ ^^^ _^ 

CxT^Ta X "T^Hb ^ „ . D' X A' X i' 



3L»/r 

. D^ 4- D' X ITTK" X JT^ - ,,^ . 
^ 3 L»/r- ^'- ^'^ + 

l=A2iiEB-><_L:i£ X P-... — The 
general theorem or approximation may be found 
^ualto^XP-D--^XP-T. 



Problem 
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Problem Thirty-ninth, page 201.-- --Thd 
ixaSl anfwer to this Problem is exprefled by the 

^'^B^^ ^^^^^^ 35^ + tli^f 

• ,x . I— Axi— Bxi— C _, 
&c. (/) + ^, XP.- 

and the approximation to the real value by > ■ 

X P — T which is juft i^^ the value of the Re- 
vcrfion by Problem 33d. 

Problem Fortieth, page 202. — The feries 
cxpreffing the anfwer to this Problem is -^y^ x 



nr nt* 



V 



+ i — A X i — C X — ; V denoting the value; 

of the life of B after / years. 

The general theorem or approximation may ba 

found = X M — D; M reprefenting tlie 

value of an Annuity on the longeft of three lives, 
one of whom being of the age of B, and the two 
others of a life whofe complement is /, arid whofe 
decrements afe equal. 

Corollary to Problem Fortieth. ---The 
ixaS anfwer is evidently the firft part of the ferie^ 

u ^ V. X D ^ X d' 7 

Bivcn above, or '^ — r-r- X ■ — • • -W 
^ lU nr ^ 
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' —^ (0* and the ^p- 

prmmation to this value may be found equal to 

// T — D /Xt — T , , 

— X 7 5 r denoting the va- 

ac 1 2b ^ 

lue of an Annuity certain for / years. 

Problem Forty-first, page 205. The 

value of this Annuity being evidently the value in 
Problem 40th, fubtraftcd from the Reverfion on 
the life of B after A, provided B fhould furvive 
A in the given time ; the only thing neceflary for 
the folution of this Problem is to find the value of 
fuch a Reverfion. The fcries expreffing the 

value of this Reverfion is — X -7— + -^ v 

nr Lm nr^ 

+ I — A X V, which, therefore, being leflcned 
byihe value found from ihc firies in Problem 40th, 
will give the anfwer in exail agreement to any 
Table of obfervations-, V denoting the value of 
the life of B after / years as in that Problem. 

The approximation to the real value of the Re* 
verfion juft mentioned (and which is to be lefTened 
by the value found from the theorem in Problem 



/ 



40th) is equal to — X B — ^, where B repre- 

a 

fents the value of the life of B, and jS the value of 

an Annuity on the joint continuance of B and ano^ 

ther 
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ther life whofe complement is /, and whofe decfe-* 
ments are equal. 

Problem Forty-second, page 208. Th« 

ferieltrs exprefTing the ex«£i value in this Problem 

e D'XA' / D' + D'-x A'-fz^' 



. Jf ^ D +!>' + D" X A^ + A* + A" ,_. 
+ -^ X j-jj &c.(/) 



.Cxi— AXi— B o . 

+ : X P and 



D' X A' X ^ . D' + D" X A' + A* X ^ +^ 
2 L/»r 2 L/»r* 



• r.x I » — A X 1 — B X i~C ^ _ 
&c. (/) + jp X P. 

The general theorem, or approximation to the" 
exaa value, is -^ x P — D 77 X P— T. 



Note 
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Note (K). 

Jin Account of the Method by which the Values irt 
Annual Payments have been deduced. 

Problem XVIII. page 1 44. This claim 

will be undeiermincd as long as the three joint 

lives A j B, and C continue, and alfo during all 

that may happen to remain of the joint lives of 

A and B after C. Now the laft of thefe values 

is found by fubtrafting the value of the three joint 

lives A, B, and C from the joint lives in expefta- 

tion ; that is, from the joint lives of A and B - - - 

Add to this the former value, and the refult will 

give the general rule. Let A B C, A C, B C, 

A B, conftantly reprefent the values of the feveral 

joint lives combined as thofe letters are ; and let 
II II I t I 
AC, B C, ABC, &c. reprefent the values of 

the longeft of two or three lives. Then in the 
prefent cafe we (hall have AB— ABC -f ABC = 
AB for the divifor. - - - - Should the money become 
payable^ it will become fo at the fame time that the 
claim is determined ; and, therefore, the annual pay- 
ments in both cafes are the fame. 

The like may be obferved in all the following 
folutions, where no mention is made of any dif- 
ference in thofe values. 

pROBL EM XX. page 149. This claim 

canhot be determined till after the extinftion of the 
joint lives of A and C, and likewife the joint lives 
of A and B. In other words, it will be undeter- 

S mined 
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I 

mined while the joint lives of A and C continue^ 
and alfo during the whole time that the joint lives 
of A and B may happen to continue after C. The 
laft of thefe values is equal to AB — ABC, which 
added to the firft value, or AC, wc have AC + 
AB — ABC for the required divifor. 

Problem XXL page 151. The time when 

the claim is determined is found juil in the fame* 
manner as in the preceding Problem, and confe- 
quently the divifor for afcertaining the annual pay- 
ments in this cafe will be alfo = AC + AB — 
ABC. 

Should the claim, however, be determined in 
favour of the purchafer, it is evident that the 
money will not become payable till after a further 
time, and, therefore, under thefe circumftances the 
annual payments ought to be lefs ; for they muft 
be continued not only during the joint lives of 
A and C and the remainder of the joint lives of 
A and 6 after C, but likewife during all that may 
happen to remain of the fmgle life A after the 
longeft of the two lives C and B. Now the value 
of an Annuity on the laft of thefe Rcverfions is 

nABC — BC, which being refolved * and then 
added to AC + AB — ABC, given above^^ will at 



f I f 



* By Scholium to Problem 6th, ABC z= A + B + 
C+ABC — AB— AC — BC By the Rufe in 

pagess, Si-B + C — BC; hence A]^6 — BC = A 
+ ABC — AC — AB, which being added to AC + 
AB — ABC, we have A for the required divifor. 

lad 
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laft be found equal to an Annuity on the linglc 
life of A. 

Problem XXII. page 153. Let A be 

always fuppofed to be the youngeft of the two lives 
A and B. ----- In this cafe the claim will be un- 
determined during the joint lives of B and C, and 
alfo during the continuance of the joint lives of 
A and C after B. Hence the required divifor is 
equal to BC + AC — . ABC4 

Problem XXIII. page 154. • --- It is evident 
that the claim is determined here at the extinAioil 
of the three joint lives. But the annual payments 
till the claim becomes due ; that is, till the claim is 
determined and afterwards till it becomes payable^ 
provided it fhould be determined in favour of the 
purchafer, will be much lefs than the preceding 
ones, (ince they mud be continued not only during 
the joint lives of A, B and C, but alfo during the 
remainder of the longeft of the two lives A and B 
after C. — ^ The value of an Annuity on fiich a 

Reverfion is equal ABC — C ; therefore the divi- 

fof in this cafe will be = ABC + ABC — Ci 

Problem XXIV. page i(>i. - - - The claim in 
this Problem cannot be determined till after the 
extinftion of the joiftt lives of A and C, and all 
that may happen to remain of the joint lives of 
A and B after C. Confequently the required di- 
Vifor will be = AC + AB — ABC. 

S 2 Problem 
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Problem XXV. page 163. - . - - The time in 
which the claim, in this cafe, is determined^ may be 
found by reafoning in the fame manner as in Prob- 
lems 20th and 2 1 ft. Therefore, the general divi- 
for will alfo be the fame ; that is, equal to AC + 
AB — ABC 

The time in which the claim becomes payable may 
likewife be found as in Problem 2iftr But in that, 
as well as in the prefent Problem, this time may 
be afcertained in a much fhorter way ; for fince 
it is evident that the claim cannot be determined 
againjl a purchafer by any other death than that of 
A, it follows, by making the annual payments 
during A's life, that a purchafer cannot becooic 
bound to make any payments after the claim has 
been determined againft him. 

Problem XXVI. page 164. The dei^- 

mination of the claim in this Problem depends on 
ihe iame contingencies with thofe in Problem 
20th ; for it is plain that whenever it is deter- 
mined that A will or will not be the fecond that 
dies, it will at the fame time be determined that 

he will not or will be either the firfi or lafi that 
dies. 

The fame reafoning may be applied, towards 

finding the value in annual payments till the money 

becomes due^ as in Problem 25th. 

It may not be improper in this place to add the 
following inveftigation ; which will further confirm 
the Rule given in Problems 20th, 21ft, 25th, and 
26th, for finding the value in annual payments 

till 
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till the claim is determined. Let the prefent, 

or 26th, Problem be taken, — -- The title tathe 
ift, 2d, 3d, &c. payments of an Annuity to be 
continued till the claim, fpecified in this Problem, 
is determined, depends on three different contin- 
gencies. — I ft, On A, B, and C being all living 
at the end of the ift, 2d, 3d, &c. years. Secondly, 
On A and B being living and C dead at the 
end of the ift, 2d, 3d, &c, years. Thirdly, On 
•A and C being living and B dead at the end of 
the ift, 2d, 3d, &c. years. The value, there- 
fore, of the Annuity, as far as it depends on the 
firft of thefe events, is the value of the three joint 
Jives. The value of the Annuity, as far as it de- 
pends on the fecond event, is the value of the two 
joint lives A and B after C ; that is, the value of 
the two joint lives A and B leflened by the value 
of the three joint lives. The third value is the 
value of the two joint lives A and C after B, or 
the value of the joint lives A and C leflTened by the 
three joint lives. The fum of all thefe values, or 
AC+AB— ABC, is the rule. 

Problem XXVIIl. page 173. The claim 

in this Problem will be determined at the extinc- 
tion of the joint lives of A and C ; but the 
money will not become payable till after the longeji 
of the two lives A and B : nor can the purchafer 
even then be entitled to any claim, unlefs A fhall 
have died in the life-time of C. In order, there- 
fore, to obtain a proper divifor in this cafe, it will 
be neceflary to add to the value of the joint lives 

S3 A and 
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A and C the value of the life of B after A, prck 

vidcd C fhall have furvived A. The laft of 

thefe values is given in Problem 27th, which has 
been inveftigated partly with a view to the folutioq 
pf this Problem* 

Problem ^XIX. page 175, The method 

of finding the time in which the claim is here df- 
Urmined^ is nearly the f^me with that which has 
been iifcd in Problem iSfh. For an Annuity to 
be paid till this event is known muft be paid 
during the three joint lives, and alfo during the 
joint lives of B and C after A ; that is, the value 
of fuch an Annuity is equal to ABC + BC — 
^BC =1 BC. But as the purch^fer cannot come 
into pojjejfion of the eftate (if the claim is deter- 
mined in his favour) till ^fter the extinction of the 
laft furviving life C ; it follows that the value of 
an Annuity to be continued to this period muft 
be equal to the former value increafed by the va- 
lue of the life of C after B, provided B furvives 
A, which is found by the CproUary to Problem 
27th*. 

♦ The rules, for finding the values of two lives afte^ 
one, of one life after two, and of two joint lives after 
one, which have been ufed in the preceding folutions, 
^re the fame with thofe in the i6th, iStb, and joth 
problems in Mr, Simpfon^s SeleA Exercifes^ 
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TABLE FIRST. 

^be prefent Value of i /. to be received at the End 
of any Number of Tears ^ not exceeding 92 ; ^f- 
counting at the Rate of Four per Cent. Compound 
Jntereft. 



Years. 
1 

a 

3 

4 

5 
6 

7 
8 

9 
10 

II 
12 

13 
14 

15 
16 

17 
18 

»9 
20 

21 

22 

23 

24 

25 
26 

27 



Four per Cent. 

.961538 
.924556 
.888996 
.854804 
.821927 

•790315 
.759918 

.730690 

.702587 

.675564 



.649581 
.624597 
.600574 

•577475 

.53 3908 

•5»3373 
.493628 

.474642 
.456387 

.4^8834 

•421955 
.405726 

.31^0121 

'375^^7 
.360689 

.3468x7 



Years. 


Four per Cent. 


28 


•333477 


29 


.320651 


30 
31 


.308319 


. 296460 


32 


.285058 


33 


.274094 


34 


•263552 


35 


•253415 


36 


.243669 


37 


.234297 


38 


.225285 


39 


.216621 


40 
41 


.208289 


.200278 


42 


•192575 


43 


.185168 


44 


.178046 


45 


.1711^8 


46 


,164614 


47 


.158283 


48 


.152195 


49 


.146341 


50 
51 


.140713 


•»3530i 


52 


.130097 


53 


.125093 
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ears. 


Four per Cent. 


Years. 


Four per Cent. 


54 


.120282 


74 


•054895 


55 


.115656 


75 


.0527S4 


56 


.111207 


•76 


•050754 


57 


•J0693O 


77 


.048801 


58 


.102817 


78 


.046924 


59 


.098963 


79 


.045120 


60 


.095060 


80 


.043384 


61 


.09 1 404 


81 


1 

.041716 


62 


.087889 


82 


.040 I I I 


63 


.084508 


83 


.038569 


64 


.081258 


84, 


.037085 


65 


.078133 


85 


•035659 


66 


.075128 


86 


.034287 


67 


,072238 


87 


.032968 


68 


.069460 


88 


.03 I 700 


69 


.P66788 


89 


.030481 


70 


.064219 


■ 90 


.029309 


71 


.661749 


91 


.028182 


72 


•059374 


92 


.927098 


73 


t05709i 







TABLE 
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TABLE SECOND. 



^e prefent Value of an Annuity of One Pounds for 
any Number of Tears not exceeding 92 j ^/ tbi 
Rate of Four per Cent. 

Years Purchafe. 



6.6630 

7.2920 



Years. 


I 


2 


3 


4 


5 
6 


7 
8 


9 
10 


II 


12 


»3 


14 


15 
16 


17 
18 


19 


20 


21 


22 


23 


24 


25 
26 


27 



Years Purchafe. 


Years. 


;96l5 


28 


1.8860 


29 


z.77S<>'' 


30 


3.6298 




4.45 1 8 


31 


5.2421 


32 


6.0020 


33 


6.7327 


34 


7-4353 


Z5 


8.1108 


36 
27 




8.7604 


38 


9.3850 


39 


9.9856 


40 


10.5631 


— 


II.II83 


41 


11.6522 


42 


12.1656 


43 


12.6592 


44 


13-1339 


45 


13-5903 


46 

i4 "7 




47 


14.0291 


48 


14.45 II 


49 


14.8568 


50 


15.2469 


— 


15.6220 


51 


15.9827 


52 


16.3295 


53 



7.5884 
7-8735 

8.1476 
8.41 1 1 

8.6646 

8.9082 

9-H25 
9.3678 

9.5844 

9.7927 



19.9930 
20.1856 
20.3707 
20.5488 
20.7200 
20.8846 
21.0429 
21.1951 
21.3414 
21.4821 

21.6174 

21-7475 
21.8726 
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ears. 


Years Purchafe. 


Years.lYears PorchaTe.] 


54 


21.9929 


74 


23.6276 


55 


22.1086 


75 


23.6804 


56 


22.2198 


76 


23.7311 


57 


22.3267 


77 


237799 


5» 


22.4295 


78 


23.8268 


59 


22.5284 


79 


23.8720 


60 


22.6234 


80 


23-9»53 


61 


22.7148 


81 


239571 


62 


22.8027 


82 


23.9972 


63 


22.8872 


83 


24-0357 


64 


22.9685 


H 


24.0728 


65 


23.0466 


85 


24.1085 


66 


23.1218 


86 


24.1428 


67 


23.1940 


87 


24.1757 


68 


23.2635 


88 


242074 


«9 


23.3302 


89 


24.2379 


70 


133945 


90 
91 


24.2672 
24.2954 


7» 


23.4562 


72 


23.5156 


92 


24.3225 


73 


Z3'57^7 
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TABLE THIRD. 

Sbewing the ProbahiUtUi of the Duration of Life, 
as deduced by Dr. Price from Ohfervatiens en 
the Bills of Mortality at Northampton. 



23 

26 

27 
28 



'eribns 


DecTem. 


Agn. 


Perfons 


Decrem. 


living. 


„IUh. 




Uving. 


of Lift. 


S49 


127 


3° 


435 




722 


5? 


31 


428 




«;2 


26 


32 


421 




646 


21 


33 


4'4 




625 


16 


34 


407 




609 


13 


35 


400 




596 


10 


36 


393 




586 


9 


37 


386 




577 


7 


38 


379 




570 


6 


39 


372 




564 


6 


40 


365 


8 


558 


5 


41 


357 


8 


553 


5 


42 


349 


8 


548 


5 


43 


341 


8 


543 


5 


44 


333 


8 


538 


5 


45 


325 


8 


533 


5 


46 


317 


8 


528 


6 


47 


309 


8 


522 


7 


48 


301 


8 


515 


8 


49 




9 


507 


8 


50 


284 


9 


499 


8 


5> 


275 


8 


491 


8 


52 


267 


8 


483 


8 


53 


259 


8 


475 


8 


54 


251 


S 


467 


8 


55 


243 


8 


459 


8 


56 


235 


8 


45' 


8 


57 


227 


8 


443 


8 


58 


219 


8 
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Ages. 

59 
60 

61 

62 

63 

64, 

65 

66 

67 
68 

{ 69 

70 

71 
72 

73 
74 

75 



Perfons 
living. 

211 

203 

187 
179 
171 
163 
^55 
147 
'39 

'3' 
123 

115 

107 

99 
9' 
83 



Decrem. 


Ages. 


Perfons 


of Life. 


^^ 


living. 


8 


76 


75 


8 


77 


67 


8 


7« 


60 


8 


79 


53 


8 


80 


46 


8 


81 


39 


8 


82 


32 


8 


«3 


26 


8 


84 


21 


8 


85 


17 


8 


S6 


13 


8 


87 


JO 


8 


88 


8 


8 


89 


6 


8 


90 


4 


8 


9' 


2 


8 


93 


1 



Decrem, 
of Life. 

8 

7 
7 
7 

7 

7 
6 

5 
4 
4 

3 

2 

2 
2 
2 
I 

I 
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TABLE FOURTH. 

Shewing the Expedations of Life in NoRTHAMPTONf 
according to the preceding Table. 



Age. 


Expec- 




tation. 


I 


33-29 


2 


38.06 


3 


39.86 


4 


40.44 


5 


4078 


6 


40.84 


7 


40.72 


, 8 


40.41 


9 


40.03 


lO 


39-52 


II 


38.93 


12 


38-34 


13 


27-^9 


H 


37.02 


15 


36-36 


i6 


25-^9 


'7 


35-02 


i8 


34-35 


»9 


33-74 


■ 20 


ii-i9 


21 


32.71 


22 


32.22 


23 


31-74 



Age. I 

24 

25 
26 

.27 

28 

29 

30 
31 
32 

33 
34 
25 
36 

37 
38 

39 
40 

41 

42 

43 

44 

45 
46 



Expec- ' 
tation. ! 

t 

31.26 
30-781 

30-301 
29.82! 

29-34 
28.86 

28.38 

27.83 

27.29 

26.74 

26.19 

25-65 
25.09 

24.54 

23.98 

23.42 

22.86 

22.37 

21.87 

21.37 

20.87 
20.37 

19.87 



Age. 
47 

48 

49 
50 

51 

52 

53 
54 
55 
5^ 

57 
58 

59 
60 

61 

62 

64 

65 
66 

67 
68 

69 



Expec- 
tation* 

9-38 
8.87 

8.38 

7-94 

7-5^ 
7.02 

^•52 
6.05 

5-56 

5-07 
4.58 

4.10 

3.61 

3-^3 
2.65 

2.17 

1.69 

1.24 

0.74 

0.27 

9.80 

9-34 
8.88 



Age. 

70 

71 
72 

73 

74 

75 
76 

77 
78 

79 
80 

81 

82 

83 
84 

85 
86 

87 
88 

89 

90 

9' 
92 



Expec- 
tation. 

8,42 
7-971 

7-53 
7.10 

6.681 

6.28 

5.90 

5-54 

5-13 

4-74 

4-39 
4.09 

387 

3-65 

3-4° 
3.08 

2.88 

2.60 

2.12 

1.66 

1.25 

1. 00 

.501 



TABLE 
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TABLE FIFTH. 

Shewing the prefeni Value of an Annuity of i L on A 
Jingle Life at Four per Cent.^ according to Mr. De 
Moivre's Hypotbefis ; and nearly according to the 
Probabilities of life at Northamptok. See Table 
Page 64. 



Age. 


Years 


Age. 


Years 


Age. 


Years 


^ 


Purchafe. 




Purchafe: 




Purchafe. 


8 


16.791 


28 


14.946 


48 


I1748 


9 


16.882 


29 


14.816 


49 


11.548 


10 
II 


16.882 


30 
31 


14.684 


50 
51 


"•344 


16.791 


14-549 


^-^■^35 


12 


16.698 


32 


14.411 


52 


10.921 


»3 


16.604 


33 


14.270 


53 


10.702 


H 


16.508 


34 


14.126 


54 


10.478 


15 


16.410 


25 


^3-979 


55 


10.248 


16 


16.311 


36 


13.829 


56 


10.014 


17 


16.209 


37 


13.676 


57 


9-773 


iS 


16.105 


38 


13-519 


58 


9.527 


19 


15999 


39 


13-359 


^9 


9-275 


20 
21 


15.891 


40 
41 


13.196 


60 
61 


9.017 


15.781 


13.028 


8-753 


22 


15669 


42 


12.858 


62 


8.482 


23 


15554 


43 


12.683 


63 


8.205 


24 


15-437 


44 


12.504 


64 


7.921 


25 


i5-3»8 


45 


12.322 


65 


7.631 


26 


15^97 


46 


12.135 


66 


7-333 


27 


15-073 


47 


11.944 


67 


I 7-027 



10 



Years 
Purchafe. 

6.714 

6.394 
6.065 




1.850 
1.406 
0.950 
0.481 
0.060 



TABLE 
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TABLE SIXTH*. 

Shewing the frefent Value of an Jnmtity of il. en the 
joint Continuance of two Lives at Four per Cent.y 
according to Afr. Dc Mbivre*j Hypetbefis; and nearly 
according to the Probabilities of Life at North- 
ampton. SeeTable^ P^g' 7i- 
Ages. 



s. 


Yean Purchafe. 


Ag 


es. Y 


caraPureha 


lO 


13-342 


'5 


70 


5.623 


15 


13093 


- 






io 


I2.«o8 




20 


12.341 


25 


12.480 




25 


12.051 


30 


12.102 




3° 


11.711 


35 


11.665 




35 


11.314 


40 


11.156 




40 


10.847 


45 


10.564 


20 


45 


10.297 


50 


9.871 




50 


9.648 


55 


9.059 




55 


8.879 


bo 


8.105 




60 


7.967 


65 


6.980 




65 


6.882 


70 


5.652 




70 


5-59° 


S 


11.860 




25 


11.786 


20 


■2-593 




30 


11.468 


2S 


12.281 




35 


11.095 


30 


11.921 




40 


10.655 


35 


11.501 




45 


10.131 


40 


11.013 


*5 


50 


9.509 


+5 


10.440 




55 


S.766 


50 


9.767 




60 


7.880 


55 


S-975 




65 


6.826 


60 


S.041 




70 


5-551 


% 


6.934 


- 









• This is taken from Dr. Prions Table of the values 
of joint lives publiOied in his Treatife tn Rtverfunarj 
Paynunti. See page 328, 3d edit. 
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Ages. 



30 



35 



40 



30 

35 
40 

45 
50 

5'5 
60 

65 
70 

35 
40 

45 

50 

55 
60 

65 
70 

40 

45 

50 

55 
60 

65 
70 



Years Parchafe. 

II. 182 
10.838 
10.428 

9-936 

9-345 
8.634 

7-779 
6.748 

5-505 



10.530 
10,157 
9.702 
9.149 
8.476 
7.658 
6.662 

5-450 

9.S26 
9.418 
8.911 
8.283 
7.510 
6.556 

5-383 



Ag( 


5S. 




45 




50 


45 


55 
60 




65 




70 




50 


50 


55 
60 

65 




70 


'55 


55 
60 

65 




70 




60 


60 


65 




70 


65 


65 
70 


70 


70 



Years Furchafe.- 

9.063 
8.619 
8.044 

7-332 
6.425 

5-300 



^■^35 

7-73^ 
7.091 

6.258 
5-^93 • 



7-332 
6.781 

6.036 

5053 

6-35^ 
5-730 
4.858 

5-277 
4-571 

4.104 
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TABLE SEVENTH*. 

^hewing the prefent Value of an Annuity of i /. on the 
joint Continuance of Three equal Lives at Four 
per Cent., according to the Probabilities of life in 
Northampton. 5« ^able ^d. 



Common 
Age. 

60 
61 
62 

63 

66 

67 
68 

69 
70 

7* 

7^ 

7i 

74 
75 . 



Years Purchafe. 


Common 




Age. 


4.7826 


76 


4.6115 


77 


4.4382 


78 


4.2626 


79 


4.0849 


80 


3.9O5P 


81 


3.723Q 


82 


3-539Q 


83 


3-3533 


84 


3.1662 


85 


2.9780 


86 


2.7895 


87 


2.6015 


88 


2.4160 


89 


2.2352 


90 


2.0636 


9' 



Years Purchafe. 

1.9089 
1.7846 

1-5843 , 
1.3906 

I.2I2I 

J.0685 

I.OII7 

0.9617 

08981 

o 7606 

0.7690 
0.7568 
0.5368 

0.3233 
0,1346 

0.1202 



^ This table has been computed agreeable to the me- 
|hod defcribed in chap. II. feci. II, ; and as it w^s only 
defigned for the purpofe of comparing the values in fome 
of the foregoing examples, (where the hypothefis and 
^hc approximations in Prob^ 5th and 6th are ufed) with 
the exaSi values, it was thought wnnecefTary ^o extend it 
below the age of 60 ; cfpecia\!y ^s the hypothefis and ap- 
proximations correfpond fo nearly with the truth under 
;hat age. Sec Schol. to Prob. 6th, page 102. 
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OBSERVATIONS 

ON' 

> > 

The Progfefs (fince the Revolution) 
and the prefent. State of Population 
in England and Wales, 

IT will be proper to introduce thefe obfer^ 
vations'with the following accottnts of 
London and MiDDLES'Est. 

Number of Ho'ufes in London^ South- 
war k, Westminster, and the 
County of Middlesex^ in the Tear 
1777 I frem the Accounts of the Surveyors 
of the Hoiife and Jf^indow Duties. 

Moufcs charged in 1777^ having 25 

windows' and upwards ^-^ — 12^560 

Houfes chjirgedi having lefs than 

25 windows -»* •^'^ — ^ 61,080 

Total of houfes charged ^-^ -^^ 73^640 
Uninhabited houfes chargeable —- 3>36B 

Total of houfes charged and charge^ 

. able — -** . .^^ -a- 77,008 

Cottages not changed by reafon of 

poverty ^^ — ^ >^ 1 1>5^^ 

T^otal of houfes ^^ -^ 9^>S7^ 

• - » ■ • « 

T 3 dumber 
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Number of Houfes In London, Soutbwark, 
Weftminftcr, and the County of Middle- 
itXy^from the. Survey mentioned Jfy Dr^ 
Brackcnridgc In a Paper read to the Rcyal 
Society In March 175-81 -and publljhed In the 
Fhllofophlcal Tfanja^ikns^ vol^^ S^^'P* 47^* 

Houfes charged to, the houfe and 

window tax in 1757 -— — 63,480 
Houfes uninhabited — — 4,810 

Total of houfes charged and 

chargeable — — - 68,290 
Cottages — -^ — / 1 9*324 

Total of 4ioufes, including 
cottages — ^ — T^ 87,614 

REMARKS. 

Thcfe accounts fliew, that the number of 
houfts in London^ Wejl'mlnjler^ Soufhwark, 
and all Mlddlefex had, in the courfe of about 
•20 years preceding 1778, increafed 2,956 
in the whole; but that the houfes excufed 
on account of poverty had decreafed 5,762 ; 
from whence it follows, that, the houfes 
charged and chargeable had increafed^8,7i8. 
—It fliould be confidcred, that mofb pro-^ 
bably this is lefs than the real increafe of 

the 



&f Lahdoii and MiddlefeU* e^^ 

the beft fort of houfes ; for the decreafe of 
the cottages proves^ that the meaneft of the 
houfes* which pay the. tax muft likeVifc 
have decreafed; and this decreafe is to be 
added to 8,7 iS, in order to obtain the whole 
increafe of the beft houfes 1 for it is obvioua? 
that, if the bed houfes had not increafed as 
much as the worft decreafed, the total of 
houfes, inftead of being greater in 1777^ 
muft have been lefs.— ^Perhaps, therefore^ 
we (hall reckon moderately eiiodgh if we 
reckon an increafe within the laft 20 yeats 
of 10,000 fubftantial houfes in and about 
London ; and this is a number that falls 
little fhort of the whole nurtsber of houfes 
in Liverpool and Manchejler. 

The increafe of buildings in Londdn has 
for fevcral years been the objed of general 

* That is, boufes paying the houfe duty of 3s, only. 
The number of thefe houfes in 1777 was 5,738.; but I 
have ho account of It for any preceding year* It will 
appear prefently, that taking England in the grofs, therd 
has been a great decreafe in thefe houfes ; and this makef 
it almoft certain they muft have decreafed in MtddUJex* 
— The decreafe of cottages, or houfes excufed, nnce 
1757, is the more remarkable, becaufe the houie and 
window duties have been increafed fince that year 1>y 
three different ads of parliament, the firft in 27585 tb« 
fecond in 1762, and the third in 1766. 

T 4 obfer^ 



I^Qo OJfferoatms mJhe Fapulation 

ob£brvack>n . It deferv^^ particuk? notice 
tUaiitMs derived entirely from the iivcreaie 
of laXiiry ; an evil which^ whilb it flatters, 
Acver fails-to defbroy. It has been (hewn 
fiotii auiihentk aocouiius^ that. the decr^afe 
of the Joiver peojJc in Xtf«ifo« and Middle-^ 
fix ha» kept pace wit^k the. increafe of 
bviildings. The annual deaths alfo in the 
Pilb of Mortality have for many years 
|;>een decreaiing, and are now near 6»ooo 
fit aifnfim/ le(s thfuir they were fifty years 

ago. In particul^H it is obferv^ble. with 
refpc^t : to. $ha| pftrfe <>f London which lies 
y^itl}iB< l^e city walls> that^: though Always 
i^lkdwi^h houi^Sj tHe[ vMrths, ai)d tHiriftls^ 
and, confequently, the inhalbitants *^ h^ve 
4e?rea^ JO n E h a l f .-HThe. j \xSt ■ accbunt 
of this muft be^. thKt %h^k who cannot now 
fatisfy thcmfclves without whole houfes, or, 
perhaps, two or thre^ houfes, to live in; ufed 

iprmerly to be fatisfied wit'^^ lodgings, or 
with parts of houfcst . . 

. The number of i&^^j in London^ Weji-- 
mnfter, «hd all Middkfex^ in 1690, was 



•j 



\ * S^ a particular account of this faA in my Obfer^ 
vittoi^s-pp Revcriionary Payments, page 190, 3d edit. 



111,215, 
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•111,215; according to Dr. Davenant^s ac* 
count from the Hearth-books *. 

I will only farther obferve concerning the 
preceding aqcounts, that they demonftrate 
that the number of inhabitants in London 
has been greatly oyer- rated. They^ have 
been fbmeiinnes eftirpated at a million. In 
an Eflay on the State of London, on Popu- 
lation, &c. in the Treatife on Reverfionacy 
Payments, I offered evidence, which I 
thought little (hort of demonftration, to 
prove thait they fell ihort of 651,000. But. 
it now appears that, allowing 6 to a houfe -f^, 
and incjudiog the whole, county of Mrd^ 
dlefbx,^. tb-eif number in 1777 ^^^ '^y 
543,420. 

That fix to a houfe for London, and iiveJ 
to a hpufe fpr ajl Englanq, is too large ani 
allowance, will be proved by the following 
r^cijtal of fa|fh. : 

♦ See Dr. Davcnant's wolrks, vol. ift, page 38. ThU 

number does npt include Southwark, The average of 

burials for five years in London before the prefent- year^ 
or I779> was 20,835. The average for five years tefore 
1690 was 22,742; that is, confiderably greater than ic 
^as been for the Ijaft fi\^e years, though twelve parifbe^^' 
now. the moil populous, were not then included* in thit 
BUls. 
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J^umber of Hqufes in England and Wales, 

from the Returns (ff the Surveyors of the 

Houfe and Window Duties in 1766 and 

1777. 

Ini765,— In 1777, 
Houfcs cfeargcd, having . 

25 windows and up- 
wards — — ^— *32>S95 — 32*595 
Houfcs.haying 2i, 22, 23 

and 24 windows -^ — 12,404 — 14*623 

Total of houfes having 

more than 20 windows 44*999 — " '47,2 18 
Houfes having from 12 

to 2p windows •— 88,494 — 98,756 

■ ■'■'' ■ ' ' ' 1 
Total of houfes having 

more than 1 1 windows 133*493—145,974 
Houfes having 8, 9, 10, 

and n windows — 102,525 — 117,857 

Total of houfes having 

more than 7 windows 236,018 — 263,831 

Jncreafc in 1777 of houfes 
having from 8 to 24 
windows — — — 27,813 

* In the returns for 1765 this number is wanting. 
J have, therefore, fuppofed it the fame that it was found 
to be in 1777. But the truth is, tliat it muft have been 
icO, as will appear prefently. 

Houfes 
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In 1765. In 1777. 
Houfcs charged having 7 

windows — -t- * •/• • •— 13I1950 

Total of houfes ptying 

the window tax — 236,018 — 395*78 1 
Houfes paying only the 

houfe tax of 3/. — ^ 442,897— ^286,296 

Total of houfes charged 678,91 5 — 682,077 
Incrfeafc in 1777 of 

houfes charged -^ -^— 31X62 
Houfes uninhabited, 

but chargeable — •f'25,628'»— 1 9*396. 

^— ^— — ^^ ITT- - II 

Total of houfes charged 

and chargeable — 704,543 — 701,473 
Decreafe in 1777 of 

hoiffes charged and 

chargeable — — , -^ 3*070 
Cottages excufed on a^c- 

count of poverty only 276,149 — 251,261 

Tptal of houfes charged, 
chargeable, and ex- 
cufed — , — — 980,692-— 952,734 

♦ The number of houfes in 1765, having cxaAly 
feven windows, was 400,273; but by the law, as it then 
flood, all fuch houfes were exempted from the window 
tax. In 1766 the tax was extended to the(b houfes ; 
and the coofequence was, that near two thirds of them, 
were reduced to houfes having only fix windows. 

f The decreafe which may be here obferyed in 
the number of empty, but chargeable, houfes, is an efr 
fe<Sl which could not but attend the greater demand for 
houfes which produced the increafe between 1765 an4 
1777, oC houfes having more than feveli windows* 

Pecrcafq 
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rJccreafe of houfes charged, charge- 
able, and excufed, from 1765 to 
1777 _____ 27,95^ 

To this decreafe add the increafe of 
houfes having from 8 to 24 win- 
dows, or — — — — — 27,813 

And the total will (hew, that the number 
of houfes not having eight windows was 
55,771 lefs, in 1777, than it had been in 

Again; from 27,813, the increafe In 
1777 of houfes having from 8 to 24 win- 
dows, fubtraft 3,162, the increafe of houfes 
charged, having lefs than 25 windows ; and 
it will appear^ that in the houfes charged, 
having 7 windows or lefs, there has been in 
the fame period a decreafe of 24,651 houfes. 
«'^— — But this is by no means the whole dc^ 
creafe of houfes ojf this fort. The increafe 
of houfes having more than 24 windows 
ought to be added ; but the number of fuch 
houfes not having been given in the return 
for 1760, it does not appear what this in- 
creafe has been, It feems, however, paft 
doubt, that there muft have been fuch an 
increafe, becaufe all other houfes having 
jpprc than kv^n windows had increafed. 



IMUMBER 
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J^uMBER OF Houses in England and 
Wales in 17 S9* f^^^ *^^ Return of the 
Surveyors of the Houfe and Winth^ Duties ^ 

Houfes charged in 1759 "^ "^ ^79»^49 
Uninhabited houfes in 1759 charge- 
able — — T — -^ •^ 24,904 
Houfejs excufed on account of po- 
verty only — ^ — — . .w 282,429 

Total of houfes in 1759 •— — 986,482 

— — ^ -rr- in 1765,7^1? j>. 28)6, 980,692 

_,w^_ .in 1777. fee p. 2%6r 95^»734- 

Diminiihed in feven years fran¥- - 

1759 "7 ^ — -^ . ^^jgo 

Diminifhed in 18 years froin 

1759 -r* — — — -^ 33^748* 
Number of houfes charged in 

1750 * — ^ — — — 690,000 
Number of houfes charged in 

lyiof _ -^ -^ -. 7?9»^4S 

Total 

* This refts on the authority of Dr. Brackepridgc. 
His words arc, (in Philofophical Tranfactions for 1756, 
page 887) " I have been certainly informed, that itom 
** the furvey lately made of the window lights after 1750, 
** there are about 690,000 houfes chargcil tp that tax in 
** England and Wales, befides cottage^ that pay no- 
" thing." 

t I give this number alfo from the authority of Dr, 
Brackcnridge, who took it himfelf from the accounts of 

tht 
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Total of houfcs according to the 
Hearth -books of Lady- day, 

1690* — — — — ^•319*215 
Total of houfes from the 

Hearth-tooks in i666'f- — ^ 1*230,000 

the Tax Office. Sec a letter to George Lewis Scot iri 
the Philofophical Tranfaftions, vol. 49, part ift, p. 270; 
"—By an a£l of the 8th of IVilliamy all houfes of 10 win- 
dows or more paid bs, over and above 25. for the houfe ; 
and all houfes having 20 windows or more paid ioj. Iri 
1710, certain additional duties were laid oh all houfe^ 
having 16 windows and upwards; and with a view td 
thefe duties^ a new afleflment was ordered^ and a return 
made of the houfes fubjeft to an affeflment. — This returrt 
could not include in it cottages, nor probably did it in- 
clude uninhabited houfes. 

♦ This account is given on the aiithorltjf^of Dr. Dd^ 
Venant. See his works, vol. ift, page 38, where the 
iiumber of houfes, and alfo of hearths, is given fepa- 
rately for each county.-— In page 136 he faysj that *' the 
^^ hearth-tax had given a view certain enough of the iiiim- 
** ber of families in the kingdom. * 

f See Tindall's Cohtinuatibn df Rapin's tliftory^ 
vol. ift, page 53. — Di*. Daveftaftt fays, that from 1666 
to 1688 there had b&eri about 7b,ocd flew foundations^ 
laid. See his wdrks, vol. ift, page 370.-^It is probables 
that the civil war in the time of King Charles the Firff^ 
and the emigrations which then tdok palace, lefTehed the 
liumber of people in the kingdom ; and therefore, ill 
in Queen Elizabeth's time, or about the Reformation^ the 
humber of inhabitants in England might have been greater 
than it Was even at the Revolution^ agreeably to the izRi 
mentioned at the end of my Appeal to the Public on the 
subject of the National Debt ^ page 87, &c. 

U Ob serVa-^ 
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Observations on the foregoing Accounts. 

Firft. The firft of thefc accounts makes 
the number of houfes in England and Wales 
in 1777 to be 952,734. Let it, however, be 
ftated at a Million, Five perfons to a houfc 
is too large an allowance, as appears from the 
accounts in page 281, It follows, therefore, 
that the number of inhabitants in England 
and^<^/(f^muft befhortof Five Millions. 

In the kingdom of Sweden the number 
of inhabitants was 2.446,394, in 1763. — 
In the kingdom of Naples (one of the 
^wo Sicilies) it was 4.311*503, in 1777. — 
In all France, 25.741,320, in 1772*. 

Thefc 

* The account here given of Sweden is taken from 
a£lual furveys of the kingdom in 1757, 1760, and 1763* 
In the firft of thefe years the inhabitants, of all ages, 
were found to be 2.323,195 ; in the fecond, 2,367,498 ; 
in the third, 2.446,394. See a Memoir by M. War- 
gentin in the 15th vol, of the Colledion Academique, 
printed at Paris, 1772. The account of the kingdom of 
Naples is alfo given from furveys made there every year, 
ahd publifhed in the Court Calendars.. — In 1766, the 
number of inhabitants was 3.77i,234j ini772, 4.040»68o j 

in i777t4-3I^503- 
The Intendants of provinces in Frana vitvt^ in 1770, 

177 1, and 1772, ordered to make returns of the num- 
ber of deaths, births, and marriages in their refpe£live 
diftridls. The annual average of deaths for thefe three 
years was 780,040* See a Treatife On the Ligijlation^ 

4ind 
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Thefe fadts fhew, in a ftriking light, the 
fuperiority which arts, commerce, fcience> 
induftry, and liberty give to a people. 

EnglanO 

and Commerce of Corn^ printed at Paris in 1775, and 
tranflated Into Englilh, and publifhed in London in 
1776, page 42. — I have been aflurcd by the ingenious 
author, now the Direftor- general of the finances oi France^ 
that this account may be depended on as rather below the 
truth; and It affords a decifive proof that the number of 
inhabitants in France cannot be lefs than that dated 
above, or 25.741,320, which is the produiSl of the ave* 
rage of deaths multiplied by 33. That this is the leaft 
multiplier which ought to be ufed will appear undeniably 
from the following fafts. — ^In Sweden^ the average of" 
deaths for 9 years ending in 1763, was 69,125, or a 
35th part and two-fifths nearly of the inhabitants. See 
M. Wargentin's Memoir juft referred to* — In the king- 
dom of Naples^ the average of deaths for 5 years before 
1778, Was 115,412,'or a 37th and a third of the inha- 
bitants. — Thefe fa£ts (and many others of the fame kind 
may be found in the Treat! fe on Reverfionary Payments, 
page 20a) convince me that the average of annual deaths 
in France might have been multiplied by 35 inftead o( 
33, and this would have brought out the number of in- 
habitants 27.301,400. — The fame conclufion nearly may 
be drawn from the births in France^ the average of which 
for five years ending in 1774, was 928,918- Sec Recherchei 
fur la Population de la France^ par Mi MoheaUy printed at 
Paris in 1778, page 147. — In Sweden^ the average of an- 
nual births for 9 years, ending in 1763, was 90,240, ot 
a 27th part and a tenth of the inhabitants. — In the king- 
dom of Naples^ the average of annual births for 5 yearS| 
ending in 1777, was 166,808, or a 25th part and four- 
fifths of the inhabitants. The medium is 26^, which 

U 2 multi** 
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Engxand does not confift of many more 
inhabitants than the kingdom of Naples; 
but in refpedl of dignity, weight and force, 
the kingdom of Naples, compared with 
it, is nothing. Not long ago, this little 
ifland, with its dependencies, like the ftatc 
of Athens formerly among the Greeks^ was 
the arbiter of Europe, and more than a 
match for all the three kingdoms I have 
tnentioned, with Spain added to them. 

Secondly* The great difparity between 
the numbers of people in* the higher and 
the lower ranks of life feems to deferve 
particular obfervation, as it may be colledted 
from the foregoing accounts- Families liv- 
ing in houfes hzvin^feven windows or lefs, 
muft confiftof perfons in the loweftftations; 
and yet the number of thefe houfes was 
688,903 in 1777. Add to thefe fuch of 
the lowcft people as live in the remaining 
263,903 houfes; and it will appear, that 
the people of property and opulence in the 
(late, compared with the red, are indeed a 

multiplied by 928,918, gives 24.616,327. But it is 

certain, that a greater multiplier than 26-^ ought to be 
ufed in this cafe, becaufe the births exceed the deaths 
confiderably Jefs in France than in either Sweden or Na^ 
pies, — Upon the whole, therefore, I reckon that it ap- 
pears with fiifficient evidence that the inhabitants of 
Prance may vefy moderately be ftated at the number I 
have given* 

6 very 
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very fmall body» And yet their number is 
now greater in this country than it ever wasj 
and, very probably, it is much greater in 

this country than in any other *. It is 

proper to add, that this obfervation (hews 
tis diftinftly why no taxes in a ftate can be 
very produdtive whicli do not reach the 
lower as well as higher ranks of people. 

But, thirdly. What requires moft to be 
attended to is the certain evidence which the 
preceding accounts give of the progrefs of 
depopulation in this kingdom. — ^The num* 
ber of houfes in England and Wales 
was at the Revolution 1.319,215. The 
number of houfes now is not a million. Our 
people, therefore, fince that aera have de- 
creafed near a quarter. — ^This appears dif- 
tinSly, as far as Dr. Davenant's account is 
to be depended on -f-. The following fafts 

andi 

* In England, the houfes having more thanyJv^;? 
windows are above a fourth of 2^11 the houfes. In 
Scotland, the number of houfes having more than 
Jive windows, and paying the houfe and window duties, 
was, in i777> only 16,206; and confequently could 
not be above a fifteenth of all the houfes. — Agreeably to 
this poverty, the people of Scotl/vnd, though morp 
than a fifth of Britain^ do not contribute more than a 
fiftieth to the revenue. 

t Some may fufpedl that Dr. Davenant h^s, by 
jijiftake. taken from the Hearth-books the number of 
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and obfervations will confirm this account, 
and furnifli us with fomc additional evidence 
on this fubjed:. 

Firft. It appears, that there has been a 
very great decreafe, fince the Revolution, 
in the produce of a tax called the here- 
ditary and temporary excife. This excife 
(almoft the only one that exifted before the 
Revolution) confifts chiefly of is. 6d. per 
barrel on all ftrong beer or ale above 6 s. 
the barrel, and 6d. on every barrel of alo 
fold at 6^. or lefs; and alfo a duty of zs. 6d. 
per hog(head on cyder and perry; a duty 
on mead, ftrong waters, and low wines 
and fpirits. The grofs annual produce of 
this tax for three years, ending at 1689, was 
(as appears from the Excife books) 740,147 /• 
—Its grofs annual produce for four years, 
ended in 1768, was 527,991/. It has de- 
creafed, therefore, 212,156/. per annum. 
One of the reafon^ of thjs decreafe has 
been, that in 1736 the duties on low wines 
and fpirits (amounting then to 70,000/. per 
ann.) were taken from the Hereditary and 
Temporary Excife, and carried to the Ag- 

boufes in the kingdom, when he ought to have t^ken the 
number of y^m///Vx. But this is improbable; and if true, 
will make no great difFerencc, as may \^e inferred from 
thp accounts in page 282, 

gregato 
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gregateiund. Dedudl*, therefore, 70,000/. 
from 212,156; and the real decreafe will 
be 142,156/. And this decreafe will ap- 
pear more remarkable, when it is confidered 
how much lefs the currency and wealth of 
the kingdom were before the Revolution 

than they are now. It may be faid, that 

more wine is now drank 5 but this, being 
confined to the higher clafs of people, makes 
no great difference. — It may with more 
reafon be objefted, that the lower people 
drink now greater quantities of fpirituous 
liquors, and therefore lefs ale. With re- 
fpeft to this, it feems fufHcient to obferve, 
that It appears from the Excife books that 
the ufe of fpirtuous liquors never funk the 
produce of this excife more than about 
40,000/. in a year; and that fincc 1751 it 
has been fo much checked by new regula- 
tions, additional duties, and other caufes, 
that moil probably it does not prevail much 
more now than it did at .the Revolution, 

* This is too great a deduftion ; for the ufe of fpi- 
rituous liquors was in 1736 fo much increafjpd, that it 
became neceflary to reftrain it by additional duties.-— 
The produce of that part of this Hereditary and Tern* 
porary excife which confifts of the tax upon beer only, 
was 674,387/, in 1688; and 694,476/. in 1689. ^^^ 
See Dr, Davenant's works, vol, ift. page 175. 

U A After 
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After allowing, therefore, for the operation 

pf this caufe*, ^and alfo for the increafed 

pfe of wine) there will remain a diminution 

unaccounted for, of at lead 100,000/. per 
annum. 

Ip cpnforqiity to this faft, it appears that 
there has been a proportionable diminution 
\n the quantity of beer brewed for faU, an4 

in the number of vidluallers. For three 

years, ended in 1689, the annual average of 
ilrong barrels brewed for fale was 5*055>870* 
The ^ver^ge of fmall barrels was 2.582,248, 
r — For three years, ended in 1768/ the for- 
mer ^ average was 3.925,131 ; the latter 

l,886^76o. 

* The following fifls will confirm what is here faid, 
and fhew the progrefs of gin-'drinking in the kingdom. 
—The ufc of fpintuous liquors prevailed mofl iq 175Q 
and 175 1 ; and the annual average of fpirits drawn from 
nialted corn, cyder, melafles, and brewers' wafh in thofe 
two years was 11.326,976 gallons.— Ii> 1767 ai^d 1768 
it had funk to 3«663,568 gallons.— In 1730 and 1731, 
it was 6.658,788 gallons. — In 1692 and 1693, it was 
2,329,487 gallons. 

In 1767 and 1768 the annual average of excifable 
|)randy imported was 1.612,631 gallons. In 1^88 and 
j68g, it was 1.713,974. 

f It is natural to fufpe£l that th}s decr^afed con- 
sumption of bepr muft have been owipg to the increafe 
pf the taxes upon it. But thi? does not appear ; for i(i 
J761, (after an addition in 1760 of 3^/, per bufliel to the 

^tity gn malt) an addition was made to this tax of 3^. 

per 
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1.886,760. — The average of common vic- 
tuallers in the whole kingdom for the for- 
mer three years * v^ras 47,343 ; for the lat- 
ter three years, 34,867. This laft fadfc 

feems of particular confequence, becaufe 
viduallers in both periods include all that 
keep houfes for felling any ftrong liquors ; 
and becaufe alfo there is reafon to believe, 
that the private brewery -f-, of which no 

account 

per barrel, and yet it produced in the following years 
rather more in proportion than it did before. — The quan- 
tity likewife of ftrong beer brewed for fale increafed a 
little afterwards ; though thefe two additions were (b 

coniiderable ^s to bring into the revenue near 900,000/. 
per annum, 

* For ID years before the check given to the ufe o£ 
fpirituous liquors In 175 1, the viftualiers in the kingdom 
amounted to near 48,000, though the quantity of ftrong 
beer brewed annually for fale was then lefs than it has 
been for the laft 15 years. This, I fuppofe, muft have 
been owing to the vaft numbers of (hops for felling gin, 
which, during that period, were opened every where, 

f The number of common brewers in the whole 
Jcingdopi in J687 and 1689 ^^^ 77^> ^^ ^7^7 ^^^ '7^8 
it was increafed to 1083. One reafon of this muft 
be, that fewer vidluallers and private people now brew 
their own beer. — It is remarkable, that the number of 
brewers in London decrenfed during the fame period from 
187 to 157 ; and alfo that the quantity of fmall and 
ftrong beer brewed for fale decreafed fiotn 1*958,859 to 
1.533,242 gallons. And this feems to confirm what 
has been already fuggefted, that even London is lefs po-« 
puloifs now than it Wfs at the Revolution. See page 281. 

Tbia 
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account is taken, was greater formerly than 
it is now, — I cannot help adding, as a far- 
ther faft, indicating a particular degree of 
populoufnefs at the Revolution, that King 
William wanting, in 1689, to raife 23 new 
regiments for the war in Ireland, the levies 
were completed in fix weeks. See Sir John 
Dalrymplc's Memoirs of Great Britain, vol, 
I ft, page 384. — But what is moft of all de- 
cifive in the prefent queftion is, the depo- 
pulation which has certainly taken place 
lately in this kingdom. 

From the preceding accounts it appears, 
that between the years 1765 and 1777 ^ ^^^ 
ftruftion has taken place of at leaft 55^77 1 
houfes having lefs than 8 windows ; which 
is equal to the lofs of above a quarter of a 
million of thofe inhabitants who furnifti re- 
cruits for our navy and army, and trading 
fhips ; and who, therefore, conftitute the 
Plain ftrength of the kingdom. 

I am not fenfible that any thing can be 
objected to the evidence from which this 

This decreafe was gradual and flow till 1726. After 
1726 it became confiderable ; and for fome years before 
1750, the quantity of beer confumed In London was 
^bout 100,000 gallons />^r annum lefs than it is now, in 
confequence, undoubtedly, of the cxceffive ufe of fpiri- 
tuous liquors which then took place in London more than 
^ny where clfc, 

conclufiqn 
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conclufion has been drawn, except that there 
is an uncertainty in the returns of the cot- 
tages. But it (hould be obfcrved, 

Firft, That this uncertainty does not at 
all afFedt the evidence for the diminution of 
houfes charged having lefs than eight win- 
dows, and of which exadt accounts are 
kept. 

Secondly, The returns of the cottages 
have not, I fuppofe, been made with lefs 
care for 1777 than for 1765 ; and it is the 
difference only on which the conclufion I 
have drawn depends. 

But, thirdly. The diminution which 
there has certainly been in the houfes 
charged having lefs than eight windows, 
proves undeniably, that there mufl have 
been a proportionable decreafe in the cot- 
tages not charged. 

Between the years 1759 and 1765 there 
appears in the returns, as I have been able 
to give them, only a diminution of 234 ia 
the houfes charged, and of 6,280 in the cot^ 
tages. See pages 286, 288* It fliould not, 
however, be forgotten, that the increafe 
of houfes having more than feven windows, 
which took place between 1765 and 1777, 
mufl have begun before 1765; arid that this 

6 incr^fs 
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incrcafe ought to be added to the whole 
decreafe between 1759 and 1765, in order 
to determine the whole decreafe in that pe-» 
riod of the meaneft fort of houfes; and 
fuch an addition would fhew diftindly the 
rate and progrefs pf depopulation among us 
between the years 1759 and I'JJ'J* 

Before 1759, no more appears than that 
the hopfes charged had diminifhed 19,851 
bjctween 1750 and 1759; and 49,899 be-^ 
tween 171 o and 1759. If to this decreafe 
is added the decreafe (hat muO; have been 
going on fafter all this time in the houfes 
not charged, it will appear too probable that 
the depopulation fince the Revolution 
cannot have been lefs than I have flated it 
in page 293. It would have been poniide- 
rably greater, had it proceeded from that 
period conftantly at the rate with which we 
kno\y it has proceeded fince 1765. But 
there is reafon to believe that of late it has 
been much accelerated by particular caufes, 
fome of which vyrill be q;ientioned prefently. 

The Honourable Mr, Grenville, . in a 
pamphlet entitled Conji derations on the Trade 
and Finances of the Kingdom^ after giving 
the fame account with that here given of 
the houfes in England and Wales^ in 1759 
and 17(35, expreflcs the utn^oft furprize at 

the 
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the proofs of depopulation which it afforded, 
and obferves, •' that the deftrudion of 
r79o houfes in fo fhort a fpacc as eight 
years, is fueh a fymptom of diftrefs as 
requires every attention to check the pro- 
** grefs of the evil. — Relief to the landed 
intereft is nov\^ (he adds) no longer the 
concern of individuals only who are to 
** receive that relief, but is become an im- 
'* portant national concern/* — What would 
he have faid, had he known that the depo- 
pulation which fhocked him was proceed- 
ing fo rapidly as I have (hewn ; that no at- 
tention would be given to it ; that the pub- 
lic burdens, inftead of being leffened, would 
increafe ; and that he himfelf had laid the 
foundation of fuch an increafe of them as 
would, in a few years, bring the nation 
to the brink of ruin ? 

The increafe in the higher clafles of 
houfes has been for fome time obvious to 
every one. It may be imagined, that this 
implies fuch an increafe of people in the 
middle and higher ranks of life, as makes 
amends for the depopulation among the 
loweft ranks. But the truth is, that no fuch 
conclufion can be drawn. One of the prin- 
cipal caufes of this increafe has been that 
very evil which has destroyed the commoa 

people^ 
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people, or the increafe of luxury. This, I 
think, has been demonftrated, by the ac- 
count I have given of London *. See 

page 

♦ At Birmingham, in 1700, the inhabitants were 
15,042, the houfes 2,504 ; or 6 to a houfc. — In 1750, 
the inhabitants were 23,688 j the houfes, 4170, or 5^ 
lo a houfe. — In 1770, the inhabitants were 30,804; 
the houfes, 6,025, ^^ Sv ^^ ^ houfc. — In this account 
we fee the gradual progrefs of luxury at Birmingbam \ 
the houfes having increafed fo much fafter than the in- 
habitants, that 600 houfes in 1770 contained no more 
people than 511 contained in 1700.-* See Treatife on 
Rfcverfionary Payments, page 427. 

The following circumftance may perhaps deferve fome 
notice here. — By the new regulations of the window- 
tax in 1776 particular inducements were given to divide 
buildings deemed fmgle houfes, but holding feveral h" 
milies, into houfes having only one family in each ; and 
this, as well as luxury, may have contributed to increafe 
the number of houfes without increafmg the number of 
inhabitants. 

For inftancc. By dividing a houfe having 30 win- 
dows, and containing three families, into three houfes or 
tenements, having ten windows, and one family in each 
houfe, only gs. per annum would have been faved before 
1766; but fince the alteration in the tax that year, i/. 14/* 
per annum may be got by fuch a divifion.— «Xn like man- 
ner. By dividing fuch a houfe into two houfes, having 
one family in each, and 15 windows, 3/. per annum 
would have been lo/i before 17665 h\ft how 15 j. p& 
annum may he faved by it. 

N. B. — Before 1766, houfes having from eight to 
-eleven windows paid ij. per window i and houfes bav- 
jag more than elerenu windows paid ii« 64/. per window, 

befides 
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page 280. It muft, however, be acknow- 
ledged, that in many of our towns, and 
particularly our manufafturing towns, there 
has been a great increafe of people as well 

as of houfes ; but it fliould be confidered, 
that it has been derived from the depopu- 
lation of country pariflies and villages, the 
inhabitants of which, by removing to thefe 
towns, and many of them thriving there, 
-and living in better houfes, have increafed 
the number of fuch houfes at the expence 
of meaner houfes. This increafe of people, 
therefore, in our towns has either quickened 
depopulation ; or, if not, it muft have been 
owing entirely to the increafe of trade. From 
the accounts of the exports at the Cuftom- 
houfe it appears, that * for fome years be- 
fore 1765 they were at the higheft, and that 

they 

befides 35. for the houfe.— By the new regulations in 
1766, befides the old duty of 3X. for every houfe, all 
houfes having feven windows pay 2d. per window. 
Houfes having 8, 9, &c. to 13 windows, pay refpeAiyely 
td. — %d. — lod. &c. to I J. ^d. per window. — Houfes 
having from 14 to 19 windows pay ix. bd. per window. 
«— Houfes having 20, 21, &c. to 24 windows, pay ix. 7^. 
•—IX. %d. &c. to jx. lid. — Houfes having above 24 
windows, pay 2x. per window. > 

♦ See The Additional Obfervations on Civil Liberty^ 
page 1 13. The annual average of exports for four years 
ending in 1764, was 15.793,158/. — In 1773, the average 
for nine years had funk to 14.814,074/. But the imports 

had 
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they have lince decrcafcd. This decreafei 
however, has been more than compenfated 
by the encreafe of our home-confumption^ oe* 
cafioned by a vaft encreafe* of luxury ; and 
this, though it has operated fatally among 
the body of the lower people, has, in one 
way contributed to retard the progrefs of 
depopulation ; I mean, by furnifliing an in- 
creafe of employment, and confequently ojf 
the means of fubfiflence, for our manufac- 
turers and artizans. But though depopula^ 
tion has been thus checked, yet it has pro- 
ceeded rapidly ; and if we afcribe one half 
of the increafe in the higher clafles of houfes 
to this caufe (or a real increafe of people) 

had increafed from 10.110,870/. to 11.996769/. — The 
decay of foreign trade may farther be underftood from 
hence. In 1764, the drawbacks on exportation amounted 
to 2.264,820/. — The average for ten years after 1764 
was 1.843,404/. — but in 1776 they funk to i4544,300«; 
— In 1777, to 932,860/.— In 1778, to 868j6oo/« 

* The following account will ihcw how great this 
increafe has been. — The net annual amount of all the 
cxcife duties for two years, ending 1768) was 4*4319075 /• 
-For two years, ending in 1773, it was 4.712,265/. — Fdr 
two years, ending in 1777, it was above FiVfi Millions, 
after dedudling the new taxes for 1776 and 1777. — The 
great increafe of our importations, while *tbe exportations 
have decreafed, as mentioned in the laft note, is another 
certain proof of the increafe of luxury ; and has pro- 
bably been the means of turning the balance of trade againft 
us. Stt Additional Obfervations en Civil Liberty^ p. 116, &c. 

an4 
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fthd the other half to luxury, as before ex- 
plained, we fhall, I think, reckon very mo- 
derately ; and it will appear, that in eleven 
years near 200,000 of our common people 
have been lofl* 

I will only obferve farther, that fihcc thd 
Revolution, moft of the caufes of depopu- 
lation have prevailed fo much as to render 
it an evil which could not but happen. Thei 
caufes I mean are — the increafe of ouf navy 
and army, and the conftant fupply of men 
neceffary to keep them up— a devouring ca- 
pital; too large for the body that fupports 
it*~the three long and deftrudlive conti- 
nental wars in which we have been involved 
-—the migrations to our fettlements abroad^ 
and particularly to the Eaft and Weft Indies 
- — the engrofling of farms-^the high price of* 
provifions— -but above all, the increafe of* 
luxury, and of our public taxes and debts. 

I have given a particular account of thefe 
caufes of depopulation in the Supplement to 
the Obfervations on Reverfionary Payments^ 

* Paris cannot contain fo much as a fiftieth part of 
the inhabitants of Frame. London contains a ninth of 
the inhabitants of England; and confumes annually about 
^,000 perfons, who remove into it from the country 
every year, but without increafing it. 

X pagcf 
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p^ge 371, third edition.— I will here only 
obferve, that the depopulation they have 
produced is the more mortifying, becaufe it 
feems, in fomc degree, peculiar to this na- 
tion. — In France, (in the principality of 
Dombesy the diocefe of Vaifon^ and the fevcn 
generalities of Auvergne*^ Lyon^ Rouen^ 
Bourgogne^ Provence^ and Alengon^ contain* 
ing 2152 parifhes) the average of annual 
births before 1764 had increafed in 60 years 
from 54,827 to 59,894, or in the propor- 
tion of 100 to 109. — The average for five 
years of annual births in the whole kingdom 
of France, (as mentioned in the note, page 
281) had been 928,918, in 1774, of which 
479,649 were males, and 449,269 females. — 
The average of deaths, as mentioned in the 
fame note, had been 780,040 for three years, 
ending in 1772. But Mr. Moheau has 
given the average iov Jive years, ending in 
1774 -f ; and it was 793,931. The annual 

* See Richerches fur la Population^ printed at Paris in 
1766, page 274, and page 19, &c. See alfo on this Tub- 
jcdl M. MoHEAu's Recherches W Conftderations fur la Po- 
pulation de la France, printed at Paris in 1778 ; where, 
in page 276, &c. the account of the increafe of the ge- 
neralities of Auvergne, Lyon, and Rouen is continued 
to 1774. 

f MoHEAu's Recherches^ &c, page 65.— The average 
of marriages was 1929180. 

5 excefs 
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cxcefs of the births above the deaths was, 

therefore, 134,987; or near a feventh of 

the births ; and this is probably an excefs 

which in France more than counterbalances 

the deftrudtion occafioned by emigration, 
war, and the fea-fervice. 

The increafe in Sweden and the king- 
dom of Naples has been diftincStly men- 
tioned in the note juft referred to. 

In the Englifli colonies in North Ame- 
rica there has for many years been an in- 
creafe fcarcely ever before known among 
mankind. 

Thus unhappily diftinguilTied are we in 
this country. Nor will it appear wonder- 
ful, when we confider how unhappily we 
are diftinguifhed by fome of the worft caufes 
of depopulation; and with what particular 
force they have been operating for the laft 
twenty years. At prefent we arc finking 
under new incumbrances and difficulties. 
The moft valuable of our dependencies are 
loft. Another foreign war is begun. Trade 
is declining ; our ftrength is wafting ; and 
at the fame time, that load of debts which 
has prefTed fo heavily on our population, 
is increafing fafter than ever, — Never, cer- 
tainlv, were the refources of a ftate fo anti- 

X 2 cipated 
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cipated and mortgaged*.— ^Never before did 
imprudence and extravagance bring a great 
i^ingdom into fuch peril, 

♦ The terms of the loan for the prefent year will 
throw fome li^ht on what is here faid, — A 3 per cent, 
fto'ck has been fold at 40 per cent, difcount, to which has 
been annexed an Annuity of 3I per cent, for 29 years, 
reckoned at 11^ y^ars purchafe, but really worth (when 
the 3 per cents, are at 40 per cent, difcount) isV^ years 
purchafe. — The public, therefore, befides fubjefting itfelf 
to the neceffity of paying at redemption 40/. more than 
it has received for every 100/. ftock, has given a prefent 
premium on the ftiort Annuity of near ^7 per cent. And 
even on thefe terms, (with the profits of a lottery added) 
ox\\y feven millions could be got, though n^zv nine millions 
and a half were wanted for defraying the neceffary ex- 
pences of the year, exclufive of the ufual vote of credit 
for a million. — Thefe deficiencies muft be made good ; 
and at leaft ten or eleven millions more borrowed within the 
next eight or nine months, for which, very probably, if 
the war continues and fpreads, a higher intereft and 
fiill higher premiums muft be given. — The national debt 
is now confiderably greater than it was in 1776, when 
Mr. Hume wrote the words quoted in the next page; and 
it is advancing faft towards two hundred millions. It may 
fignify little how a nation, in fuch circumftances, borrows 
rnoney ; but I am miftaken if I have not (in the Supplement 
to the Additional Obfervations on Civil Liberty) propofed 
regulations by which the loan of this year might have 
been procured at an intereft pf 5 (or, at moft, 5I) per 
cent, and.confcquently an cxpcnce of ioo,coo/. per annum 
for 29 years favcd ; which faving, properly applied, might 
jiave difcharged, in 28 years, either the capital of Jive 
piiliions bearing y^«r per cent, intereft created in 1777, 
Pf a larger capital in the three per cents. 

Our 
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*' Our late delufions (fays Mr. Hume*) 
^' have much exceeded any thing known in 
** hiftory, not even excepting thofe of the 
Crufades. For there is no arithmetical 
demonftration that the road to the Holy 
Land is not the road to Paradifc ; as there 
is, that the endlefs increafe of national 
debt is the direct road to national ruin* 

So egregious, indeed, has been our 

folly, that we have even loft all title to 
compaflion under the numbcrlefs calami- 
ties that are waiting us." 

* See Hiftory of England, vol. 5th, page 475, 



^lay 20, 1779, 



POST-. 



[ 310 } 



POSTSCRIPT. 

^be Favour of a Friend has lately procured 
for me^ from the Tax-OJice, the following 
Particulars in the Returns for 1759 and 
1756, mentioned in Page 288. 

In 1756. In 1759. 

Houfes charged having 

/^ than 10 windows 482,533 — 475,147 

Houfes charged hzving 
from 10 to 14 win- 
dows — — — 105,153 — 103,610 

Houfes charged having 
from 15 to 19 win- 
dows _ _ — 55,457— 53^^93 

Houfes charged having 

20 windows ox more 47,559 — 47,199 

Total — — — 690,702 — 679,149 

This account fcarcely needs a comment. 
A comparifon of it with the returns in 
page 285, for ,1765 and 1777, will {hev/ 
diftinftly, that before 1759, houfes of all 
forts were decreafing; but thzi before 1765, 
an increafe (produced by increafed trade 
and luxury, as exphiined page 301, &c.) 
begun among the higher clafles of houfes ; 

which. 
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which, after 1765, became very confider- 
able ; but was all along accompanied with 
a decreafe much more confiderable in thofe 
inferior clafles of houfes which conftitutc 
near four fifths of all the houfes in the 
kingdom. 

N. B. In page 288, the year 1750 (hould 
have been 1756. The number alfo 690,000 
fhould have been 690,702. And in con- 
formity to thefe correftions, the words in 
page 300, diminijhed 10,851 between 1750 
and 1759, fhould be read, diminijhed 11*553 
between 1756 and 1759. 



THE END. 



2 TuhliJIied. hy the Author of ibi preciding Ejjay^ 
And printed for X. C adell, .in- tlie Strand; 

I. ^OBSERVATIONS OH Reversionaf(y Payments ; OA 
V^ Schemes for providing AnDuitics fqr .Widows, and 
Perfons in old Age \ on the Method of calculating the Values 
of AiTurances on Lives ; and on the National Debt. To which 
are added, Four fifTays on different -Subjeds in the Doctrine of 
Life-Annuities and Political Arithmetic. Alfo, an AppendiXf 
containing a complete Set of Tables ; particularly Four New 
Tables, Ihewing the Probabilities of Life in London, Nor* 
wiCH, and Northampton, and Wit Values of Two joint 
Lives, 

The 3d Edition, with a Supplement, containing (befides (e* 
vera! New Tables) additional Obfervations on the Probabilities 
of Human Life in different Situations ; on the London Socie- 
ties for the Benefit of Widows and of Old Age ; and on the 
prefent State of Population in this Kingdom.' Price 6s. 

XL Two Trafts on Civil Liberty, the. War with Ame^ 
RICA, and the Debts and Finances of the Kingdom ; with a 
General Introdu£lion and Supplement. The 8th Edition. 
Price 6s. bound, ^ 

in. A Review of the principal Queftions and Difficulties in 
Morals. Particularly, thofe relating to the Original of our 
Ideas of Virtue, its Nature, Foundation, Reference to the 
Deity, Obligation,' Subjeft-matter, and; Sandtioas. The 2d 
Edition corredled. trice* 6s. 

W, Four Dissertations. — I.' On Providence. — IL On 
Prayer. — III. On the Reafons for expedling that virtuous Men 
fhall meet after Death in a State of Happinefs. — IV. On the 
Importance of ChriHianity, the Natdre.of Hiftorical Evidence^ 
and Miracles. The 4th Edition. Pried 6S. 

V. An Appeal to the Public, on the Subje£i of the Na- 
TiONAL Debt.* The 2d Edition; with ;an Appendix, con- 
taining Explanatory Obfervations and Tables; and an Account 
of the prefent State'of Population in Norfolk. Price 2s. 

VI. A Sermon, delivered to a Congregation of Protestant 
Dissenters, at Hackney, on the loth of February 1779, be- 
ing the Day appointed for a General Faft. The 3d Edition. 
To which are added, Remarks on a PafTage in the Bi(hop of 
London's Sermon on Alh-VVedncfday, 1779. Price i9« 
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